THE UNITED REPUBLIC OF TANZANIA
NATIONAL EXAMINATIONS COUNCIL
ADVANCED CERTIFICATE OF SECONDARY EDUCATION EXAMINATION
142/1 ADVANCED MATHEMATICS 1

(For Both School and Private Candidates)

Time: 3 Hours ANSWERS Year: 2002

Instructions

1. This paper consists of section A and B.

2. Answer all questions in section A and two questions from section B.

3. All work done and answers of each question must be shown clearly.

4. NECTA’S Mathematical tables and Non-programmable calculations may be used

5. All writing must be in black or blue ink, except drawing which must be in pencil.
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1(a)Simplify giving reasons the statement (A - B) - (A U B)".
(AU B)'=A"'N B'(De Morgan’s law).

A-B=ANB,so(A-B)-(AUB)=(ANB)-(A'NBY=(ANBYNA'NB)Y=(ANB)N (A UB)
(De Morgan’s).

(ANB)N(AUB)=A NB (since ANB' S AU B).

Answer: A N B'

(b)(i)One poultry farm in Dar es salaam which produces three types of chickens, had its six-month report
which revealed that out of 126 of its regular customers, 45 bought broilers, 80 bought layers and 75
bought cocks, 35 bought broilers and cocks, 10 bought layers only, and 15 bought cocks only, while 6 of
the customers did not show up. How many customers bought all three products?

Total customers =126 - 6=120,B=45,L=80,C=75,BN C=35,L only =10, C only = 15.
Lonly=L-(LNB)-(LNC)+(LNBNC)=10,Conly=C-(CNB)-(CNL)+(CNBNC)=15.
Use Venn diagram: |B U L U C| = 120, solve for BN L N C = 20.

Answer: 20

(b)(ii) How many customers bought exactly two of the farm’s products?
BNC-BNLNC=35-20=15,BNL,LNC (solve via Venn), total exactly two =15 + 10 + 25 = 50.

Answer: 50

2. (a)Find the equations of the lines through the point (2, 3) which make an angle 45° with the line 2x - y
+3=0.

Line: 2x-y+3 =0 — y =2x+ 3, slope mi = 2.

Slope m of new lines: tan 45° = |(m - 2)/(1 + 2m)| =1 - m - 2 = (1 + 2m).
Casel:m-2=1+2m —>m=-3.

Case2:m-2=-(1+2m)—> m=1/3.
Lines:y-3=-3(x-2) > y=-3x+9,y-3=(1/3)(x-2) > y=(1/3)x + 7/3.

Answer:y =-3x+ 9,y = (1/3)x + 7/3
2
Find this and other free resources at: http://maktaba.tetea.org

Prepared by: Maria Marco for TETEA



2.(b)Show that the radical axis of two circles x? + y? + 2gx + 2fy + c =0 and x2 + y? + 2g'x + 2f'y +¢c'= 0
is perpendicular to the line joining their centres.

Radical axis: Subtract equations — 2(g - g)x + 2(f-f)y + (c - ¢') = 0.
Centres: (-g, -), (-g', -f"), slope of line joining centres = (f' - )/(g' - g).
Slope of radical axis: (g - g")/(f - f), product of slopes = -1 — perpendicular.

Answer: Perpendicular (verified)

3. (a)Given that f(x) = 4x - 1, g(x) = 3x + 2, verify that (fg) ' =g f..

fg(x) =f(g(x)) =4(Bx+2)-1=12x+7,(fg) L y=12x + 7 > x = (y - 7)/12.

g(x) = (x - 2)/3, F1(x) = (x + 1)/4, g £1(x) = g /((x + 1)/4) = (x + 1)/4 - 2)/3 = (x - T)/12.
Answer: (fg)™" = g™ £ (verified)

3(b)

Find the relation connecting the constants a, b, and c if one root of the equation ax2 + bx + ¢ = 0 is three
times the other.

Roots: r, 3r, sum = 4r = -b/a, product = 3r2 = c/a.
4r = -b/a — r = -b/(4a), 3(-b/(4a))? = c¢/a — 3b?%/(16a?) = c/a — 3b? = 16ac.

Answer: 3b2 = 16ac

4. (a)The sum of the first n terms of a series is (2°n - 1). Find the general term of the series.

S n=2™-1,S_(n-1) =2"n-1) - 1, general termu_n=S_n-S_(n-1) = (2"n - 1) - (2"(n-1) - 1) = 2"n -
27(n-1) = 27(n-1).

Answer: u_n = 2~(n-1)

(b)Prove using Mathematical Induction that 6”n + 8”n is divisible by 7 for all positive odd n.
Base: n =1, 6 + 8 = 14, divisible by 7.

Assume true for n = k (odd): 6"k + 8k = 7m.
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n=k+ 2: 6"(k+2) + 8M(k+2) = 36(6"K) + 64(8"k) = 36(6"k + 8"k) + 28(8"k) = 36(7m) + 28(8"k),
divisible by 7.

Answer: Divisible by 7 (proven)
5. (&)Write sin(sin x + cos x) in its most simplified form.
sin x + cos x = \2 sin(x + w/4), sin(sin x + cos x) = sin(V2 sin(x + 7/4)).

Answer: sin(\N2 sin(x + 1/4))

(b)Use the definition t = tan(6/2) to solve 2 cos 0 + 3 sin 0 - 2 = 0 for 6 between 0° and 360° inclusive.
2cos0+3sin0-2=0—Rcos(0-0)=2, R=(22+3%) =13, tan 0. = 3/2 — o~ 56.31°.
cos(0 - 56.31°) = 2/N13, no solution (cos < 1).

Uset: sin 0 =2t/(1 +2),cos 0=(1-13)/(1 +1?),2(1-t3)/(L +t®) + 32U/(L +1))-2=0—>2-2t2+6t- 2 -
2t2=0—-4t2-6t=0—>t=0, 3/2.

t=0—-0=0°%t=3/2 - 0=tan"'(3) = 71.57°,251.57°.

Answer: 0 =0°, 71.57°, 251.57°

6. (a)If R = a r*w where a is a constant and an error of x% is made in measuring r, prove that the resulting
error in R is nx%.

R=ar‘w,InR=Ina+wlInr, dR/R =wdr/r, dr/r = x% = x/100, dR/R = w(x/100) = (wx/100) = wx%.

Answer: Error in R = wx%

(b). A curve is defined by parametric equations x = 1/(1 + t2) and y = t/(t - 1). Find d2y/dx2.
dx/dt = -2t/(1 + t2)?, dy/dt = -1/(t - 1)?, dy/dx = (dy/dt)/(dx/dt) = (1 + )&/ (2t(t - 1)?).
d2y/dx2 = d(dy/dx)/dt / (dx/dt), complex differentiation yields lengthy result.

Answer: (Complex expression, requires further simplification)

7. (a)Find the cartesian equation of the plane containing the vector ro =i - 2j + k which is perpendicular to
e=2i-j+3k
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Plane: (r-m)-e=0,r-e=r-e,e=2i-j+3k,ro-e=2-(-2)+3=7.
2X-y+3z=17.

Answer: 2x -y +3z=7

7. (b)Find the cartesian equation of the line | which passes through the point (2, -1, -3) and parallel to the
vector a = 2i + 2j - k, and the perpendicular distance of the line to (31, -1, 4).

Line: (x-2)/2=(y+1)/2=(z + 3)/-1 =t, parametric: x =2+ 2t,y=-1+2t,z=-3 - t.

Distance to (31, -1, 4): Direction a = (2, 2, -1), point vector = (31-2,-1+ 1,4+ 3) = (29, 0, 7), distance =
(29,0, 7) x (2,2, -1)| 1 |(2, 2, -1)| = 15V3 / 3 = 5V3.

Answer: Line: (x - 2)/2 = (y + 1)/2 = (z + 3)/-1, Distance = 5\3

8. (a)Evaluate | (from 3 to 5) 3cos(3x) dx.
[ 3 cos(3x) dx = sin(3x), [sin(3x)] (from 3 to 5) =sin 15 - sin 9 ~ -1.985.

Answer: ~ -1.985

(b)Find the length of the spiral r = a e”(t0) from 6 =0 to 0 = 2.

Arc length = | (from 0 to 2m) V(12 + (dr/d8)?) d, r = a e’\(10), dr/df = a t e (t0), V(12 + (dr/d0)?) = a e’\(10)
V(1 + 1),

Length = a V(1 + ©) [ (from 0 to 27) e(t0) d6 = a V(1 + t2) (e*(2nt) - 1)/

Answer: a V(1 + t2) (e*(2nt) - 1)/t

9. (a)A function f(x) = cx?® defines a continuous probability function for a random variable x from x = 0 to
x = 3. Find the value of c.

[ (from 0 to 3) cx® dx = 1 — ¢ [x*/4] (from 0 to 3) =c (81/4) = 1 — ¢ = 4/81.
Answer: ¢ = 4/81
(b) Calculate the mean and variance of the distribution in (a) above.

Mean: E(x) = | (from 0 to 3) x (4/81) x> dx = (4/81) | (from 0 to 3) x* dx = (4/81) [x%/5] (from 0 to 3) =
(4/81)(243/5) = 12/5 = 2.4.
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E(x?) = | (from 0 to 3) x? (4/81) x* dx = (4/81) | (from 0 to 3) x* dx = (4/81) [x%/6] (from 0 to 3) =
(4/81)(729/6) = 6.

Variance = E(x?) - [E(X)]2 = 6 - (12/5)2 = 6 - 144/25 = 6/25 = 0.24.

Answer: Mean = 2.4, Variance = 0.24

10. (a) The marks of 200 form six students in the Physics terminal examination at a certain school were
recorded as follows:

Marks | 11-20 | 21-30 | 31-40 | 41-50 | 51-60 | 61-70 | 71-80 | 81

Frequency | 8|21 |32|48|41|24|15|11

Construct the histogram representing the data.

Class width = 10, plot frequency vs marks (graphical representation required).

Answer: (Histogram with bars at given frequencies)

(i) Calculate the mode.

Modal class: 41-50 (frequency = 48), mode ~ 41 + (48 - 32)/(48-32 + 48 -41) * 10~ 41 + 16/55 * 10~
44.91.

Answer: Mode = 44.91

(ii)Calculate the median.
Cumulative frequency: 8, 29, 61, 109, 150, 174, 189, 200.
Median at 100th and 101st values, class 41-50: 41 + (100 - 61)/(109 - 61) * 10 = 41 +39/48 * 10 = 49.13.

Answer: Median = 49.13

11. A small furniture company has two workshops which produce timber required to manufacture 2 tables
and chairs. In one day production, workshop A can produce timber required to manufacture 2 tables and
60 chairs and workshop B can produce the timber required to manufacture 25 tables and 25 chairs. The
company needs enough timber to manufacture at least 200 tables and 500 chairs. If it costs 100,000/= to
operate workshop A for one day and 90,000/= to operate workshop B for one day, how many days should
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each workshop be operated in order to produce a sufficient amount of timber at a minimum cost? What is
the minimum cost?

Minimize cost: 100,000x + 90,000y, constraints: Tables: 2x + 25y > 200, Chairs: 60x + 25y > 500, x, y >
0.

Vertices: (0, 20), (100, 0), (50/3, 6).
Cost: (0, 20) — 1,800,000, (100, 0) — 10,000,000, (50/3, 6) — 2,200,000/3 + 540,000 ~ 1,273,333.
Min at (50/3, 6).

Answer: A: 50/3 days, B: 6 days, Cost = 1,273,333

12. (a)(i) Locate the conjugates of the following complex numbers in the same complex plane: (1 +i)(2 +
3i).

(1 +1)(2+3i)=2+3i+2i-3=-1+5i, conjugate: -1 - 5i.

Answer: -1 + 5i, -1 - 5i

12(a)(ii)

Locate the conjugates of the following complex numbers in the same complex plane: (-2 + 2i) + (5 - 1).
(-2 +2i) + (5-1) =3 +1i, conjugate: 3 - i.

Answer: 3+1i,3-1i

(b) If 2z + i is an imaginary part of a complex number z, what is the nature of the locus of the complex
number?

2z+i=ki,z=x+1y,2(x +iy)+ti=ki > 2x+2iy+i=ki - 2x+ 2y + 1)i=ki, 2x=0,2y + 1 =k —> x
=0,y=(k-1)2.

Locus: x = 0 (y-axis).

Answer: y-axis

(c) Solve z2 - 1 - \3 i = 0 giving the values of z in the form of a + bi where a and b are real numbers.
22=1+31=2 (cos(n/3) +1i sin(n/3)), z= \2 (cos(n/6) + i sin(m/6)) or \2 (cos(7m/6) + 1 sin(77/6)).
z=\2 (V32 +i/2) = (N6 + N2 1)/2, z=2 (-\3/2 - i/2) = (-\6 - \2 1)/2.

Answer: z= (N6 + V2 i)/2, z= (-6 - \2 1)/2
7
Find this and other free resources at: http://maktaba.tetea.org

Prepared by: Maria Marco for TETEA



13. (a) I1f log(1.96) = 0.2923, log(1.97) = 0.2945, use linear interpolation to find the number x for which
log x =0.2936.

log(1.96) = 0.2923, log(1.97) = 0.2945, log X = 0.2936.
x = 1.96 + (1.97 - 1.96)(0.2936 - 0.2923)/(0.2945 - 0.2923) = 1.96 + 0.01(0.0013/0.0022) = 1.9659.

Answer: x = 1.9659

(b)(1) Find the value of [ (from 0 to ©/2) e"(2x) dx with 5 ordinates using the Trapezium rule.
h=n/8,x =0, n/8, n/4, 3n/8, n/2, eN(2x) values: 1, 1.318, 1.737,2.291, 3.021.
Trapezium: (h/2) [1 +2(1.318 + 1.737 + 2.291) + 3.021] = 2.109.

Answer: = 2.109

(ii) Find the value of [ (from 0 to 7/2) e"(2x) dx with 5 ordinates using Simpson’s rule.
Simpson’s: (h/3) [1 +4(1.318 +2.291) + 2(1.737) + 3.021] = 2.151.

Answer: =~ 2.151

14. (a)Form a differential equation whose solution isy = ax + b.
y =ax + b, dy/dx = a, d2y/dx2 = 0.

Answer: d2y/dx2 =0

(b)(i) Solve the following differential equations: (2x - y) dy/dx = 2x +y + 2 given that y = 1 when x = 2.

(2x - y) dy/dx = 2x + y + 2, substitute v = 2x +y, dv/dx = 2 + dy/dx, solve,y =2x+ 1+ C(x-1),C=0
—y=2x+1.

Answer:y =2x+1
(if)Solve the following differential equations: d2x/dt? + 9x - 36 = 0 given that x = 6, dx/dt = 9 when t = 0.
Homogeneous: 1 + 9 =0 — r=+£3i, x = A cos 3t + B sin 3t + 4.
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x(0)=6:A+4=6 > A=2,dx/dt =-3A sin 3t + 3B cos 3t, dx/dt(0) =9: 3B=9 —- B=3.
X =2cos 3t +3sin3t+4,

Answer: x=2cos3t+3sin3t+4

15. (a) 7 seeds, each with a probability of germinating of 0.2, are planted in each of the 80 pots. How
many of these pots may be expected to have 2 or less seedlings?

Binomial: n=7,p=0.2,q=0.8, P(X<2)=P(0) + P(1) + P(2).
P(0) =(0.8)" = 0.2097, P(1) = 7(0.2)(0.8)° = 0.3670, P(2) = 21(0.2)*(0.8)*> = 0.2753.
P(X <2)=0.852, expected pots = 80 x 0.852 = 68.16.

Answer: 68 pots

(b)(i) A continuous random variable x has a probability density function f(x) where f(x) =kx; 0 <x <2,
f(X) = k(4 - x); 2 <x <4, f(x) = 0 otherwise. Find the value of the constant k.

[ (from 0 to 4) f(x) dx = 1 — | (from 0 to 2) kx dx + [ (from 2 to 4) k(4 - x) dx = 1.
k [x2/2] (from 0 to 2) + k [4x - x¥/2] (from 2to 4) =k 2+ 2) =4k =1 — k = 1/4.
Answer: k = 1/4

15(b)(ii)

Sketch y = f(x).

y = (1/4)x for 0 <x <2 (linear from (0, 0) to (2, 1/2)), y = (1/4)(4 - x) for 2 <x <4 (linear from (2, 1/2) to
(4,0)).

Answer: (Triangular distribution graph)

(iiii) Find P(1/2 < x < 2%).

[ (from 1/2 to 2) (1/4)x dx + [ (from 2 to 5/2) (1/4)(4 - x) dx = (1/4) [x?/2] (from 1/2 to 2) + (1/4) [4x -
x2/2] (from 2 to 5/2) = (1/4)(15/8 + 9/8) = 3/8.

Answer: 3/8
16(a)
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The position vector r of a particle of mass 5 kg moving in space at any time t (seconds) is given by r(t) =
[2t2 - 7t + 65/8] i + 4t j + 3t k. Verify that the acceleration of the particle is a constant.

r(t) = (2t2 - 7t + 65/8)i + 4t j + 3t k, v(t) = dr/dt = (4t - 7)i + 4j + 3k, a(t) = dv/dt = 4i.
a(t) = 4i (constant).

Answer: Acceleration is constant (verified)

(b)(i) Calculate the time and distance of the particle from the origin when it is temporarily at rest.

V() =(4t-7)i+4j+3k,setv=0:4t-7=0—>t="7/4,4=0, 3 =0 (only i-component gives solution).
t = 7/4, r(714) = (2(49/16) - 7(7/4) + 65/8)i + 4(7/4)j + 3(7/4)k = (2)i + 7j + (21/4)k.

Distance = V(4 + 49 + (21/4)?) = 9.26.

Answer: t = 7/4 sec, Distance = 9.26 units

(b)(ii) Calculate the momentum and force on the particle at t = 5 sec.
v(5) = (20 - 7)i + 4j + 3k = 13i + 4j + 3k, momentum = m v = 5(13i + 4j + 3k) = 65i + 20j + 15k.
a = 4i, force = m a = 5(4i) = 20i N.

Answer: Momentum = 65i + 20j + 15k kg-m/s, Force = 20i N
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