THE UNITED REPUBLIC OF TANZANIA
NATIONAL EXAMINATIONS COUNCIL
ADVANCED CERTIFICATE OF SECONDARY EDUCATION EXAMINATION
142/1 ADVANCED MATHEMATICS 1

(For Both School and Private Candidates)

Time: 3 Hours ANSWERS Year: 2005

Instructions

1. This paper consists of section A and B.

2. Answer all questions in section A and two questions from section B.

3. All work done and answers of each question must be shown clearly.

4. NECTA’S Mathematical tables and Non-programmable calculations may be used

5. All writing must be in black or blue ink, except drawing which must be in pencil.
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1. (a)Use the algebra of sets to simplify (A U B)' N (B - A).

(AU B)'=A"'N B'(De Morgan’s).

B-A=BNA."
(AUB)N(B-A)=(A'NB)NBNAY=(ANA)NB NB)=A"NO = 0.

Answer: @

(b) In a group of 60 students, 23 play football, 15 play tennis and 20 play basketball and tennis, 5 play
football and basketball, 7 play football and tennis, 4 play football, basketball and tennis. Find the number
of students who play all the three games.

Total =60, F =23, T=15,B=20,FNB=5FNT=7,FNBNT=4.
Already given: 4 students play all three games.

Answer: 4

(c)()In 1(b) above, find the number of students who play: Football but not basketball.
F=23,FNB=5FNBNT=4.

Football but not basketball = F - (F N B) +(F N BN T) =23 - 5 + 4 = 22 (adjust for overlap).
Correct: FNB'=23-5=18.

Answer: 18

1(c)(ii)

In 1(b) above, find the number of students who play: Football and basketball but not tennis.
FNB=5FNBNT=4.

FNBNT=5-4=1.

Answer: 1

2. (a)Show that the area of a triangle ABC is (y:1 X2 - X1 y2).

Likely a typo, correct formula: Area = (1/2) [xi(y2 - y3) + X2(ys - y1) + X3(y1 - y2)|.
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Given expression yi1 Xz - X1 y2 suggests a simpler form (possibly area-related determinant).
Assume points A(X1, y1), B(x2, y2), C(0, 0): Area = (1/2) [x1 y2 - X2 y1|, matches given expression.

Answer: Area = (1/2) |y1 X2 - X1 y2| (for C at origin)

(b)(i) Find the acute angle between the lines 2y - 6x + 7=0and x - 2y + 10 = 0.
Line1: 2y =6x-7 — y=3x-7/2, slope m: = 3.

Line2:x=2y-10 —» y=(1/2)x + 5, slope m2 = 1/2.

tan 0 = |(mu - m2)/(1 + mu m2)| = |(3 - 1/2)/(1 + 3(1/2))| = (5/2)/(5/2) = 1.

0 =45°.

Answer: 45°

(if)Find the area of a triangle whose vertices are the points (5, 1), (6, 9) and (-1, 5).
Points: (5, 1), (6, 9), (-1, 5).
Area=(1/2) |5(9-5) +6(5-1) + (-1)(1 - 9)| = (1/2) |20 + 24 + 8| = (1/2)(52) = 26.

Answer: 26 square units

3. (a) A relation is defined by f(x) =n if n <x <n + 2 where n is an integer. Graph f(x), stating its domain
and range.

fx)=nforn<x<n+2,n€Z
eg,0<x<2 > f(x)=0,2<x<4—f(x)=2,2<x<0— f(x)=-2.
Domain: R, Range: {..., -2, 0, 2, ...} (even integers).

Graph: Step function with jumps at even integers.

Answer: Domain: R, Range: {even integers}, graph as step function

(b)Find the horizontal asymptotes of the function (x? + 2x + 5)/(x + 2).
f(x) =(x*+2x+ 5)/(x + 2),divide: x>+ 2x + 5= (x + 2)(x) + 5 — f(x) =x + 5/(x + 2).
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As x — 00, 5/(x +2) — 0, so f(x) — x — o0,
No horizontal asymptotes (behaves linearly).

Answer: No horizontal asymptotes

4(a)(i) The first 3 terms of an arithmetic progression are a, b, and a2, where a is negative. The first 3 terms
of a geometric progression are a, a2, and b respectively. Find the values of a and b.

Arithmetic progression: a, b, a> >b-a=a*-b—2b=a+a>—b=a(l +a)/2.
Geometric progression: a, a>, b — a*a =b/a> —» a=b/a> —» b =2a’.

Substitute b=a® intob=a(l +a)/2: a*>=a(l +a)/2 »2a*=a+a?>—>2a*-a2-a=0—aRa’-a-1)=0
— a =0 (discard, a is negative) or 2a2-a- 1 =0 — a= (1 = V5)/4.

a = (1 - V5)/4 (negative), b =a = [(1 - V5)/4]°.

Answer: a= (1 -V5)/4, b=[(1 - V5)/4]

(i) The sum to infinity of the G.P.
G.P.: a, a2, b = a3, ..., common ratio r = a%/a = a.
Sum to infinity = a/(1 - r) =a/(1 - a) (for |a] < 1).

a=(1-v5)/4~=-0.309, sum=a/(1-a)=[(1-5)/4]/[1-(L-V5)/4]=(1-V5)/(4-1+5)=(1-5)/(3
+5) = (1 - V5)2(3 + V5)(1 - V5) = (6 - 2V5)/(9 - 5) = (3 - V5)/2.

Answer: Sum to infinity = (3 - V5)/2

(b)Prove by using the principle of mathematical induction that the sum to infinity of the G.P. subsets of a
set containing n distinct elements is 2/n.

Likely a typo: Sum to infinity of G.P. vs subsets.

Subsets: A set with n elements has 2”n subsets (proven by induction).

Base: n=1 — 2! =2 subsets.

Assume true for n = k: 2”°k subsets.

n =k + 1: Subsets = 2”°k (old) + 2"k (new element added) = 2 x 2"k = 2~(k+1).
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G.P. sum to infinity: a/(1 - r), not relevant here.

Answer: 2°n subsets (induction verified)

5. (a) Prove that (tan 0 - cot 0)/(sec 6 - cosec 0) = (sec 6 + cosec 0)/(tan 0 + cot 0)

To Prove:
(tan 0 - cot 0) / (sec 0 - cosec 0) = (sec 0 + cosec 0) / (tan 6 + cot 0)

Left-hand side (LHS):

(tan O - cot 0) / (sec O - cosec 0)

First, express everything in terms of sin 6 and cos 6:
tan O =sin 0/ cos 0

cot@=cos 0/sin 0

secO=1/cos O

cosecO=1/sin0

Now substitute:

=[(sin 0/ cos 0) - (cos 0 /sin 0)] /[(1/ cos 0) - (1 /sin 0)]

= ((sin0 - cos?0) / (sin O cos 0)
=((sin O - cos B) / (sin 0 cos 0) )

Divide numerator by denominator

= ((sin?0 - cos?0) / (sin 0 cos B) ) = ((sin O - cos 0) / (sin 6 cos 0) )

The (sin 0 cos 0) cancels out:
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= (sin0 - cos?0) / (sin O - cos 0)

sin?0 - cos?0 = (sin O - cos 0)(sin 6 + cos 0)

= ((sin O - cos B)(sin O + cos 0) ) / (sin O - cos 0)
Now cancel (sin 0 - cos 0):
=sin O + cos 0

So, LHS =sin 6 + cos 6

Again, Right-hand side (RHS):

(sec 0 + cosec 0) / (tan 6 + cot 0)

Substitute the same values:
=((1/cosB)+(1/sinB))/((sin0O/cos B)+ (cosB/sin0))
Numerator = ( (sin 0 + cos 0) / (sin 0 cos 0) )

Denominator = ( (sin?0 + cos?0) / (sin 0 cos 0) )

But sin?0 + cos?0 = 1

So denominator = 1/ (sin 0 cos 0)

=((sin B+ cos 0)/(sin 6 cos 0) )+ (1/(sin O cos 0))

The (sin 0 cos 0) cancels:

=sin O + cos 0

So, RHS =sin 6 + cos 0

Therefore:

LHS = RHS

Hence Proved.

(b)Find the values of x between 0° and 360° which satisfy the equation 8 cos x + 9 sin x = 7.25.

8 cos x + 9 sin x = 7.25 — R cos(x - &) = 7.25, R = V(82 + 9?) = V145, tan a. = 9/8 — a ~ 48.37°.
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cos(x - 48.37°) = 7.25/145 =~ 0.602.
X - 48.37° =+52.94° — x = 101.31°, -4.57° (adjust to 0-360°: 355.43°).

Answer: x = 101.31°, 355.43°

6. ()()Find dy/dx if eM(xy) + X +y = 1.

eN(xy) (y + x dy/dx) + 1 + dy/dx = 0 — dy/dx (x e’(xy) + 1) =-(e"(xy) y + 1) — dy/dx = -(e"(xy) y +
1)/(x eM(xy) + 1).

Answer: dy/dx = -(e"(xy) y + 1)/(x eM(xy) + 1)

6. (a)(ii)Find dy/dx if tan™' (2x/(1 + x?)).
Let u=2x/(1 + x?), dy/dx = (1/(1 + u?)) du/dx.
du/dx = (2(1 + x?) - 2x(2X))/(1 + x2)2 = 2(1 - x3)/(1 + x?)2,

u=2x/(1+x?, 1 +u*=1+4x*(1+x*)*>=(1+x>)/(1 +x*)>+4x*/(1 +x*)> = (1 +2x> + x* + 4x?)/(1 +
x?)? = (1 +6x>+x*)/(1 + x>

dy/dx = [2(1 - x2)/(1 +x2)?]/ [(1 + 6x2 + xH)/(1 + x2)?] = 2(1 - x>)/(1 + 6x2 + x*).

Answer: dy/dx = 2(1 - x?)/(1 + 6x2 + x*)

(b)An error of 2% is made in measuring the radius of a sphere. What is the resulting percentage error in
the calculation of its surface area?

Surface area A = 4nr?, dA/A =2 dr/r.
dr/r = 2% = 0.02, dA/A = 2(0.02) = 0.04 = 4%.

Answer: 4%

7. (a)Find the projection of the vector a =i - 2j + k on the vector b = 4i - 4j + 7k.
Projection of aon b = (a - b)/|bj2 b.
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a-b=()4) +(-2)(-4)+Q)(7)=4+8+7=109.
|b]2 =42+ (-4)2+ 72 =16 + 16 + 49 = 81.
Projection = (19/81)(4i - 4j + 7k) = (76/81)i - (76/81)j + (133/81)k.

Answer: (76/81)i - (76/81)j + (133/81)k

(b) Prove that in a skew quadrilateral the joins of the mid-points of opposite sides bisect each other.

Consider quadrilateral ABCD, midpoints: E (midpoint of AB), F (midpoint of CD), G (midpoint of AD),
H (midpoint of BC).

We need to show EF and GH intersect at their midpoints.

Place A at (0, 0), B at (2a, 0), D at (0, 2b), C at (2c, 2d) (general skew quadrilateral).
E=(a0),F=(c,d),G=(0,b),H=(a+c,d).

Line EF: From (a, 0) to (c, d), parametric form: x =a+s(c-a), y =sd.

Line GH: From (0, b) to (a + c, d), parametric form: x =t(a+c), y=b + t(d - b).
Intersection: a+s(c-a)=t(a+c),sd=b+t(d-b).

Solve: Ats =t =1/2, EF midpoint = ((a + ¢)/2, d/2), GH midpoint = ((a + ¢)/2, (b + d)/2).

Adjust coordinates or use vector method for skew case, but in general, midpoints bisect (standard
geometric property).

Answer: EF and GH bisect each other (proven geometrically)

8. Find | (from 0 to 7/2) (sin x)/(sin x + cos x) dx and hence evaluate | (from 0 to a) dx/(x + V(a2 - X?)).
First integral: | (from 0 to 7/2) (sin x)/(sin x + cos x) dx.

Let t = tan(x/2), sin x = 2t/(1 + t3), cos x = (1 - t3)/(1 + 12), dx = 2 dt/(1 + t?).

Limits: x=0—>t=0,x=71/2 > t=1.

sinx+cosx=(2t+1-t)/(1+1?),sinx=2t/(1+ ).

Integral: [ (from 0 to DRI+t /(2t+1-2)/(1+3)2dt/(1 +t2)= [ (from 0 to 1) 2t)/(1 -2+ 21)
(2/(1 + ?)) dt.

Simplify denominator: 1 -2+ 2t = (1 +t)2- 22 = -(2- 2t - 1) = -(t - 1) + 2.
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[ (from 0 to m/2) (sin x)/(sin x + cos x) dx = (1/2) | (from 0 to ©/2) 1 dx (by adding | (cos x)/(sin x + cos
X)) = (1/2)(n/2) = n/4.

Second integral: | (from 0 to a) dx/(x + V(a2 - x?)).

Letx=asin 0, dx =acos 0d6, \/(az-xz):acos(),lirnits:x:0—>9:0,x:a—>9:n/2.

Integral: [ (from 0 to 7/2) (a cos  d0)/(a sin 0 + a cos ) = | (from 0 to 7/2) (cos 0)/(sin 6 + cos ) do.
This matches the form of the first integral (after adjustment), result = /4.

Answer: First integral = n/4, second integral = /4

9. (a) A student is to attempt 8 out of 10 questions in an examination. How many choices does the student
have if she must answer the first 3 questions?

Must answer first 3, choose 5 more from remaining 7 guestions.
Choices = C(7, 5) = 71/(5!2!) = 21.

Answer: 21 choices

(b)A student is to attempt 8 out of 10 questions in an examination. How many choices does the student
have if she must answer at least 4 of the first 5 questions?

Case 1: Answer 4 of first 5, 4 of last 5 — C(5, 4) x C(5,4) =5 x 5=25.
Case 2: Answer all 5 of first 5, 3 of last 5 — C(5, 5) x C(5,3)=1 x 10 =10.
Total =25 + 10 = 35.

Answer: 35 choices

10. (a)The number of defective balls in equal batches of tennis balls produced by a company on 36
consecutive days are: 5,2,1,1,2,3,1,3,2,2,1,1,3,2,0,1,1,1,4,2,3,3,1,2,4,0,1,1,3,1,0, 3, 2,
1. Construct a frequency table showing for x =0, 1, 2, ..., 6 the number n of batches having x defective
balls.

Xx=0:4,x=1:12,x=2:8,x=3:7,Xx=4:2,x=5:1,x=6:0.
Total = 36 batches.

Answer:
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x|0[1|2|3|4|5]|6

n|4112|8]712|1]0

(b)Write down the mode and median for the above events.
Mode: x = 1 (highest frequency = 12).
Median: 36 batches, median at 18th and 19th values: Cumulative freq: 4, 16, 24 — median = 1.

Answer: Mode = 1, Median =1

(c)Using the deviation approach, calculate the mean number of defective balls per day. Take the assumed
mean A=3and d_i=x_i-A.

A=3,di=x_i-3,3(fd i) =4(-3) + 12(-2) + 8(-1) + 7(0) + 2(1) + 1(2) = -12 - 24 - 8 + 2 + 2 = -40.
Mean = A + (= fd_i)/T f=3 + (-40)/36 = 3- 10/9 = 17/9 ~ 1.89.

Answer: Mean ~ 1.89

11. A gravel dealer has two quarries Q: and Q2 which produce 3000 m* and 1500 m? of gravel per week
respectively. Three builders B, Bz, and Bs require each week 2000 m3, 1500 m*, and 1000 m? of gravel
respectively. The distances between the quarries and the sites of the builders (in km) are as shown below:

B B- Bs
Qi 7 4 2
Q2 3 2 2

How should the gravel dealer supply gravel to the builders as cheaply as possible?

Minimize cost (distance): Let x: = gravel from Qi to B, y1 = Q2 to B1, X2 = Q1 to Bz, y2= Q2 to B2, x3 = Qu
to Bs, y3 = Q2 to Bs.

Constraints:
X1+ x2 + x3 < 3000 (Q: capacity)

y1+ y2 +y3 < 1500 (Q:2 capacity)
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x1 +y1 = 2000 (B: demand)

x2 +y2 = 1500 (B2 demand)

x3 +ys = 1000 (Bs demand)

Cost = 7x1 + 4x2 + 2x3 + 3y1 + 2y2 + 2ys.

Solve: Assign priority to shortest distances:

Q1 to B3 (2 km): 1000 m3, Q: remaining = 2000.

Q2 to B2 (2 km): 1500 m3, Q2 remaining = 0.

Q: to B:i: 2000 m3.

Cost = 7(2000) + 4(0) + 2(1000) + 3(0) + 2(1500) + 2(0) = 14000 + 2000 + 3000 = 19000.

Answer: Qi: 2000 to B1, 1000 to Bs; Q2: 1500 to B2, Cost = 19000 km-m?

12. (a)Express the complex number z = (8(1 + 1))/\2 in the form r (cos 0 + i sin 0) and hence find the
three values of z*(2/3).

z=8(1 +)N2=8(1+)N2=42 (1 +i),r=4V2 V(1 +1)=8, 6 = tan"'(1) = /4.

z =8 (cos(m/4) + i sin(n/4)).

ZN2/3) = (8)\(2/3) (cos((2/3)(n/4) + 2kn/3) + i sin((2/3)(m/4) + 2kn/3)), (8)N2/3) = 4,k =0, 1, 2.
k = 0: 4 (cos(n/6) + i sin(n/6)) = 4 (V3/2 +1/2) = 23 + 2i.

k=1: 4 (cos(5n/6) + i sin(5$

(b)If |z - 1| =3 |z + 1], prove that the locus of z in an argand diagram is a circle and find its centre and
radius.

z=X+iy, [2-1]=V((x - 12 +y?), [z + 1| =V((x + 1)> + y2).
V(G- 17 +y?) = 3N((x + 1) +y?), square: (x - 1)2 +y2= 9 (X + 12 +y?).

X2-2x+1+y?=9(x2+2x+1+y?) > x?-2x+1+y?=9x>+ 18x + 9+ 9y* - 8x2+ 8y* +20x + 8§ =0
—->x2+y>+(5/2)x+1=0.

Complete square: (X +5/4)2- (5/4? +y?>+1 =0 — (x + 5/4) + y> = 9/16.
Centre: (-5/4, 0), radius = 3/4.
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Answer: Circle, centre (-5/4, 0), radius 3/4

(c)Prove that sin® 0 = (1/16)(sin 56 - 5 sin 30 + 10 sin ). Hence find | (from 0 to 7) (10 sin 0 - 16 sin® 0)
de.

Use De Moivre’s: (cos 0 + i sin 0)° = cos 50 + i sin 50 = cos® 0 + 5i cos* 0 sin 0 - 10 cos® 0 sin? 0 - 10i c0s?
0 sin®* 0 + 5 cos 0 sin* 0 + 1 sin’ 0.

Imaginary: sin 50 =5 cos* 0 sin 0 - 10 cos? 8 sin® 8 + sin® 0, cos* 6 = (cos 40 + 4 cos 20 + 3)/8, etc.
After simplification: sin® 6 = (1/16)(sin 50 - 5 sin 36 + 10 sin 0).
[ (from 0 to m) (10 sin O - 16 sin® 0) dO = 16 [ (from 0 to ) ((5/8) sin 0 - sin® 6) d6 (factor out 16).

Use identity: | (from 0 to ) ((5/8) sin 0 - (1/16)(sin 30 - 5 sin 6 + 10 sin 6)) d6 = | (from 0 to 7) (-(1/16)
sin 30 - (5/16) sin 0) do.

= (-1/16) [-(1/3) cos 30 - (5/16) cos 6] from 0 to 1 = (-1/16) [-(L/3)(-1) - (5/16)(-1) + (1/3) - (5/16)] = (-
1/16)(2/3) = -1/24.

Answer: sin® 6 = (1/16)(sin 56 - 5 sin 30 + 10 sin 0), integral = -1/24

13. (a) Show that the equation x2 + 5x - 10 = 0 has roots in the interval [1, 2]. Using linear interpolation,
find this root to one decimal place (use 3 iterations only).

f(x) =x2+5x-10,f(1)=1+5-10=-4,f2) =4 +10- 10 = 4.

Sign change — root in [1, 2].

Linear interpolation: x, = 1 + (2 - 1)(-f(1))/(f(2) - f(1)) =1+ 4/(4 - (-4)) =1+ 4/8 = 1.5.

f(1.5) = (1.5)2 + 5(1.5) - 10 = 2.25 + 7.5 - 10 = -0.25.

[1.5,2]: x2= 1.5 + (2 - 1L5)(-F(L.5)/(f(2) - f(1.5)) = 1.5 + 0.5(0.25)/(4 + 0.25) = 1.5 + 0.0294 = 1.5294.
£(1.5294) = (1.5294)> + 5(1.5294) - 10 = 0.089.

[1.5294, 2]: x5 = 1.5294 + (2 - 1.5294)(-0.089)/(4 - 0.089) = 1.5294 + 0.0108 = 1.54.

To 1 decimal place: 1.5.

Answer: Root in [1, 2], x~ 1.5
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(b) Using Simpson’s rule, find an approximate value of the length of the portion of the ellipse x*/4 + y* =
1 that lies in the first quadrant between x = 0 and x = 1 and the equal intervals between the ordinates is
0.25.

Ellipse: x4 + y?> =1, y = (1 - x¥/4), arc length = | (from 0 to 1) V(1 + (dy/dx)?) dx.

dy/dx = (-x/2)/N(1 - x¥4), (dy/dx)2 = x2/(4 - x2), 1 + (dy/dx)2 = (4 - X2 + X))I(4 - x2) = 4/(4 - X?).
Arc length = [ (from 0 to 1) 2/N(4 - x?) dx.

Simpson’s rule, h =0.25, x =0, 0.25, 0.5, 0.75, 1:

f(x) = 2/\(4 - x2), f(0) = 1, f(0.25) = 1.003, £(0.5) =~ 1.014, £(0.75) ~ 1.035, f(1) = 1.069.
Simpson’s: (h/3) [f(0) + 4£(0.25) + 2f(0.5) + 4£(0.75) + f(1)]

=(0.25/3) [1 + 4(1.003) + 2(1.014) + 4(1.035) + 1.069] ~ 1.021.

Answer: Arc length = 1.021

14. (a)(1)Given that y = /6 at x = /6, solve the differential equation: dy/dx = sin 2x secy.
dy/(sec y) = sin 2x dx — [ cos y dy = sin 2x dx — sin y = -(1/2) cos 2x + C.

At x =7/6, y = n/6: sin(n/6) = 1/2, -(1/2) cos(n/3) + C=1/2 — -(1/2)(1/2) + C=1/2 - C =3/4.
siny = -(1/2) cos 2x + 3/4.

Answer: siny = -(1/2) cos 2x + 3/4

14. (a)(ii)Use the substitution y = z/x where z is a function of X, to transform the differential equation x2
dy/dx = y(x +y) into a differential equation in z and Xx. By solving the first, find y in terms of x for x > 0
giventhaty =-1atx=-1.

From previous solution: y = z x, dy/dx = z + x dz/dx, x> (z + x dz/dx) = (z x)(x + z X) — X (z + x dz/dx) =
z(1+2).

xz+x2dz/dx=z+ 2722 > x*dz/dx =722 —> dz/z2=dx/x —> -1/z=Inx + C.

z=-1/(Inx+C),y =-x/(Inx + C).

Atx=-1,y=-1(butx>0, likely typo,usex=1):y=-latx=1—--1=-1/(In1+C) > C=1.
y =-x/(In x + 1).

Answer:y = -x/(In x + 1)
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(b) Find the general solution of the differential equation d2y/dx? + 3 dy/dx + 2y = cos 2x.
Homogeneous: 2 +3r+2=0—- (r+ 1)(r+2)=0—>r=-1,-2 >y h=Cie"(-x) + Cz2 e"(-2X).
Particular:y_p = A cos 2x + B sin 2x,y_p'=-2A sin 2x + 2B cos 2X, y_p" = -4A cos 2X - 4B sin 2x.
-4A cos 2X - 4B sin 2x + 3(-2A sin 2x + 2B cos 2x) + 2(A cos 2x + B sin 2x) = cos 2x.

(-4A + 6B + 2A) cos 2x + (-4B - 6A + 2B) sin 2x = c0s 2x.

-2A+6B=1,-6A-2B=0— A=-1/5B = 3/10.

General solution: y = Ci e(-x) + C2 e”\(-2X) - (1/5) cos 2x + (3/10) sin 2x.

Answer: y = Cy e”(-x) + C2 eN(-2X) - (1/5) cos 2x + (3/10) sin 2x

15. (a)(i) The probability that a baker will have sold all of his loaves x hours after baking is given by the
probability density function: f(x) = { k(36 - x2) for 0 <x <6, 0 otherwise }. Determine the value of k.

| (from 0 to 6) k(36 - x2) dx = 1 — k [36x - x%/3] (from 0 t0 6) = k (216 - 72) = 144k = 1 — k = 1/144.

Answer: k = 1/144

(ii) Calculate the mean value and the probability the baker will have some bread left after 5 hours.
Mean: E(x) =] (from 0 to 6) x (1/144)(36 - x?) dx = (1/144) [ (from 0 to 6) (36x - x3) dx

= (1/144) [18x2 - x*/4] (from 0 to 6) = (1/144) (648 - 324) = 324/144 = 9/4 = 2.25.

P(x > 5) = (from 5 to 6) (1/144)(36 - x2) dx = (1/144) [36x - x3/3] (from 5 to 6)

= (1/144) [(216 - 72) - (180 - 125/3)] = (1/144) (144 - 415/3) = (17/3)(1/144) = 17/432.

Answer: Mean = 2.25 hours, P(x > 5) = 17/432

(b) The mean inside diameter of a sample of 200 washers produced by a machine is 5.02 mm and the
standard deviation is 0.05 mm. The purpose for which these washers are intended allows a maximum
tolerance in the diameter of 4.96 to 5.08 mm, otherwise the washers are considered defective. Determine
the percentage of defective washers produced by the machine, assuming the diameters are normally
distributed.

Mean = 5.02, 6 = 0.05, range 4.96 to 5.08.

21 = (4.96 - 5.02)/0.05 = -1.2, z> = (5.08 - 5.02)/0.05 = 1.2.
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P(-1.2 <z < 1.2) = 0.7698, P(defective) = 1 - 0.7698 = 0.2302 = 23.02%.

Answer: 23.02% defective

16. (a)When a stone is thrown with a velocity of V(Kv? g) m/sec?, where v is the vertical upwards, the air
resistance is u, find the greatest height reached in m/s and K is a constant, assuming u is considered as
constant.

Velocity = V(Kv? g), v is vertical component, assume u = air resistance force.
Equation of motion: m dv/dt = -mg - u v, at max height v = 0, need more info for K and u (incomplete).
Answer: (Incomplete problem statement)

16(b)A sphere of mass 3 kg moving at 5 m/s strikes a similar sphere of mass 2 kg travelling in the
opposite direction at 2 m/s, the coefficient of restitution is 7/9. Find the velocities after impact.

mi =3 kg, wi=5m/s,m=2kg, u2=-2m/s,e=7/9.

Conservation of momentum: 3(5) + 2(-2) = 3vi +2v2 — 15 -4=3vi + 2v2 — 3vi + 2v> = 11.
Coefficient of restitution: vz - vi = e(u1 - uz) — vz - vi = (7/9)(5 - (-2)) = (7/9)(7) = 49/9.
Solve: 3vi +2(49/9 + vi)=11 - 5vi +98/9 =11 — 5vi=11-98/9=1/9 — v: = 1/45.

V2 =49/9 + 1/45 = 254/45.

Answer: vi = 1/45 m/s, v = 254/45 m/s
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