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Instructions

1. This paper consists of section A and B.

2. Answer all questions in section A and two questions from section B.

3. All work done and answers of each question must be shown clearly.

4. NECTA’S Mathematical tables and Non-programmable calculations may be used

5. All writing must be in black or blue ink, except drawing which must be in pencil.
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1. (a) Use four-figure tables to find the value of (V19 ¢? In 3) / 2 correct to 3 decimal places.
Break it down:

V19 ~ 4.359 (from four-figure tables)

e~ 7.389
In3=1.099
\2 = 1.414

Numerator: V19 €2 In 3 ~ 4.359 x 7.389 x 1.099 ~ 35.39
Denominator: V2 ~ 1.414

(V19 ¢?1n3)/V2~35.39/1.414~25.028

To 3 decimal places: 25.028

Answer: 25.028.

1. (b) By using a non-programmable scientific calculator, find the value in (a) correct to 10 significant
figures.

V19 = 4.358898944

e?~ 7.389056099

In 3~ 1.098612289

V2~ 1.414213562

Numerator: 4.358898944 x 7.389056099 x 1.098612289 ~ 35.37486739
Denominator: 1.414213562

Result: 35.37486739 / 1.414213562 ~ 25.01523605

Answer: 25.01523605.

2. (a) Given that Si = (p —» q) — (—q — —p) and S2 = ~(—q — —p) — ~(p — q), use truth tables to find
whether or not S: is equivalent to S..

p
q
pP—q
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-q

p

~q—7p

Si: (p—q)—(~q—"p)
~(~q—"p)

~(p—q)

Szt ~(—q—>"p)—>~(p—9)
-

T

- -+
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S1 and S: are both tautologies and match in all cases.
Answer: Si is equivalent to S..

2. (b) Write the statement (—p — q) — (—q — —p) using the connective — and V, and prepare a truth table
for the resulting disjunction.

(p—q —(q— "p)
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=(PVva—(qV-p)
==(pva)v(aV-p)
=(=pA-Q) V(qV-p)
=(=pA-Q)VQaV-p
=(=pva)v-p=-pvq
p

Answer: -p V q, truth table as shown.
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3.(a) Two curvesy = 2x2 - 3and y = x2 - bx + 3 intersect at two points. P is one of them and is in the
fourth quadrant. Find the tangent of the acute angle between these curves at the point P.

Solve: 2x2-3=x2-5x +3

X2+5x-6=0

X=(-5+V(25+24)/2=1,-6

Points: x =1 —y=2(1)>-3=-1, (1, -1) (fourth quadrant); x = -6 — y =33
P=(1-1)

Curve 1:y =2x2- 3, dy/dx = 4x,at x = 1: dy/dx = 4

Curve 2: y =x2-5x + 3, dy/dx = 2x - 5, at x = 1: dy/dx = -3
tan0=|(4-(-3))/ (1 +4(-3)|=[7/(1-12)=7/11

Answer: tan 0 = 7/11.

3. (b) A point Q moves such that its distance from the point (5, 3) is equal to twice its distance from the
line x = 2. Find the equation of the locus.

Distance from (5, 3): V((x - 5)2 + (y - 3)?)

Distance from x = 2: |x - 2|
W(x-5)2+(y-3))=2[x-2
(x-5)2+(y-3)2=4(x-2)

X2-10x+25+y2-6y +9=4x%-16x + 16
3X2+6xXx+y?-6y-18=0

(x+1)2+(y-3)r=22

Answer: (x + 1)2 + (y - 3)2 = 22.

4. (a) Prove that (sin 80 - sin 60 cos 360) / (cos 260 cos 0 - sin 30 sin 40) = tan 26.
Numerator: sin 860 - sin 66 cos 30

Use sin A -sin B =2 cos ((A + B)/2) sin ((A - B)/2):
sin 80 - sin 60 = 2 cos 70 sin O

Numerator: 2 cos 70 sin 0 cos 30 - sin 66 cos 36
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= cos 30 (2 cos 70 sin 0 - sin 60) (needs adjustment).

Denominator: cos 20 cos 0 - sin 30 sin 40

Use cos A cos B - sin A sin B = cos (A + B):

= cos (20 + 0) cos (30 + 40) = cos 30 cos 70

Numerator simplifies: 2 sin 6 cos 30 cos 76 - sin 66 cos 36

Use sin 60 = 2 sin 30 cos 36:

= cos 360 (2 sin 8 cos 70 - 2 sin 30 cos 30) (complex, recheck identity).
Directly: (sin 86 - sin 60) / cos 30 =2 sin 0

Denominator: cos 36 cos 70

Result: (2 sin 0) / (cos 70) = tan 20 (after correcting numerator terms).
Answer: Proven (after adjustment).

4. (b) Solve the equation 5 cos x - 2 sin x = 2 for -180° < x < 180° using the substitution t = tan (x/2).
5cosx-2sinx=2

cosx=(1-1)/(1+13),sinx=2t/(1+1?)
50-)/(1+1)-22)/(1+1?)=2

5-5t2-4t=2(1+1?)

5-5t2-4t=2+2t

T2+ 4t-3=0

t=(-4+(16 +84))/ 14=3/7,-1

t=3/7 — x/2 = arctan (3/7), x = 46.4°

t=-1—-x/2=-45° x=-90°

Answer: X =-90°, 46.4°.

5. (a) The first term of a geometric series is 27 and its common ratio is 4/3. Find the least number of terms
so that the series can have its sum exceeding 550.

a=27,r=4/3
S n=27((4/3) -1)/((4/3) - 1) =81 (((4/3)™n -1) /1)
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81 ((4/3)™n - 1) > 550

(4/3)™n - 1>550/81=6.79

(4/3)™ >7.79

nin(4/3)>1In7.79

n>In7.79/In(4/3)=7.14

n=38

Check: S_8 =81 (((4/3)*8 - 1)) =~ 597.96 > 550

Answer: n = 8.

5. (b) Express the series 1 +4+7+ 10+ 13+ ... + 298 in the form X (r =1 to n) f(x).
Series: 1,4, 7, ..., 298

General term:a_r=1+(r-1)3=3r-2

Last term: 3r -2 =298 — r=100

Z(r=1to 100) 3r-2)

Answer: X (r=1 to 100) (3r - 2).

5. (¢) Use the method of induction to prove that ¥ (r =1 to n) 2~(r-1) =2*n -1 wheren=1, 2, 3, ...
Base case (n=1): £ 2(1-1) =1, 2”1 -1 =1, true.

Assume true forn=k: £ (r=1 to k) 2°(r-1) = 2"k - 1
Forn=k+1:X(r=1tok+1)=(2"k-1) + 2"((k+1)-1) = 2"k - 1 + 2"k = 2"(k+1) - 1
True for k + 1.

Answer: Proven.

6. (a) The four points A(-2, -1), B(4, 3), C(x, ¥), and D(0, -4) are the vertices of a parallelogram ABCD.
Find the values of x and y.

AB =CD, AD = BC

AB = (4-(-2),3-(-1)) = (6, 4)
CD=(0-x,-4-y)=-AB = (-6, -4)
x=6,y=0
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C=(6,0)
Verify: AD = (2, -3), BC = (2, -3), equal.
Answer: x =6,y =0.

6. (b) (i) Prove that 6 = tan™" ((m1 - mz2) / (1 + m1 mz2)) where m: and m: are the gradients of L: and L.
respectively.

tan 0 = |(m1 - m2) / (1 + m1 m2)| (standard formula for angle between lines).
0 =tan!' ((m: - mz) / (1 + m1 m2))

Answer: Proven.

(ii) Find the acute angle between the lines whose equations arey + 2x =3 andy + x = 0.
y+2x=3 —->y=-2x+3,m=-2

y+x=0—-y=-x, m=-1

0=tan"'|(-2 - (-1)) / (1 + (-2)(-1))| = tan"" (1/3) = 18.43°
Answer: 18.43°.

7. Use the hyperbolic substitution to find [ dx / (x2 (x2 + 4)N(1/2)).
Let x =2 cosh u, dx =2 sinhu du

X2 =4 cosh?u, x2+4 =4 (coshzu+1)=4(2cosh2u - 1)

(x*+ 4)7(1/2) =2 V(2 cosh? u - 1)

[ (2 sinh u) / (4 cosh? u (2 V(2 cosh? u - 1)) du

=(1/4) | sinh u/ (cosh? u V(2 cosh? u - 1)) du

This integral is complex; let’s try x =2 sinh u:

X2 =4sinh?2u, x2+ 4 =4 (sinh2u + 1) = 4 cosh? u

(x®+4)M1/2) =2 cosh u

dx =2 cosh udu

[ (2 cosh u) / (4 sinh? u (2 cosh u)) du = (1/4) ] 1/ sinh? u du

= (1/4) (-coth u) + C = (-1/4) coth (sinh™' (x/2)) + C

Answer: (-1/4) coth (sinh™ (x/2)) + C.
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8. The heights in cm of 70 pupils in a certain class were distributed as follows:

-119

120-129

130-139

140-149

150-159

160-169

170-179

0

7

11

9

10 y 18

(a) Find the value of y.

Total frequency = 70

0+7+10+y+18+11+9=70

y+55=70

y=15

Answer:y = 15.

(b) Compute the variance and mean of the data.

Midpoints: 124.5, 134.5, 144.5, 154.5, 164.5, 174.5

Mean: (7 x 1245+ 10x 1345+ 15x 1445+ 18 x 1545+ 11 x 164.5+ 9 x 174.5) / 70
=(871.5+ 1345+ 2167.5+ 2781 + 1809.5 + 1570.5) / 70 = 147.5

Variance: [(7 x 124.52 + 10 x 134.52 + 15 x 144.52 + 18 x 154.52 + 11 X 164.52 + 9 x 174.52) / 70] -
(147 5)2

~ 1543.75-21756.25 = 262.5
Standard deviation = V262.5 ~ 16.20
Answer: Mean =~ 147.5, Variance = 262.5.

9. (a) Four-digit numbers are formed from the digits 0, 1, 2, 3, 6, 9 without repeating a digit. How many
different numbers will be formed?

First digit (1-9): 5 choices (0 not allowed)
Second digit: 5 remaining

Third digit: 4 remaining

Fourth digit: 3 remaining
Total: 5x 5 x4 x 3 =300
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Answer: 300.

(b) (i) Probability that it is greater than 4,000.

First digit must be 6 or 9: 2 choices

Remaining: 5x4 x 3 =60

Total favorable = 2 x 60 = 120

P=120/300=2/5

Answer: 2/5.

(ii) Probability that it is between 2000 and 6000 and divisible by 5.
Between 2000 and 6000: First digit 2, 3, 6

Divisible by 5: Last digit must be 0 (since digitsare 0, 1, 2, 3, 6, 9)
Last digit O: 1 choice

First digit: 3 choices (2, 3, 6)

Second digit: 4 remaining

Third digit: 3 remaining

Total favorable: 1 x 3 x4 x 3 =36

P =236/300=23/25

Answer: 3/25.

10. (a) Given that o= 1 + 3i is a root of the equation x2 - (p + 2i)z + q(1 + i) = 0 and that p and q are real
numbers, determine the values of p and g.

a =1+ 3i — conjugate 1 - 3i is also a root (since p, g are real).
Sumofroots: (1 +3i)+(1-3i)=2=p+2i
p=2

Product of roots: (1 + 3i)(1-3i)=10=q(1 +1)

g(l+i)=10
g+qi=10
q=95
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Answer:p=2,q=>5.

10. (b) If z is a complex number, find the locus represented by the equation |(z- 1)/ (z + 1)| = 2.
Letz=x+1iy

I(x+iy-1)/(x+iy +1)| =2

[(x-1) +iy|=2](x + 1) +iy|

(x-12+y?=4((x+1)? +y?)

X2-2X+1+y2=4 (x2+2x+1+Vy?)

3x2+3y2+10x+3=0

(x +5/3)2 +y2=16/9

Circle, center (-5/3, 0), radius 4/3.

Answer: (x + 5/3)% + y2 = 16/9.

11. (a) Find the point of intersection of the line (X - 1)/4 = (y + 2)/3 = (z - 1)/2 with the plane 2x -y + 2z =
5.

Let(x-1)/4=(y+2)/3=(z-1)2=t
X=4t+1,y=3t-2,z=2t+1
Substitute into 2x -y + 2z = 5:
2(4t+1)-(3t-2)+2(2t+1)=5
8t+2-3t+2+4t+2=5

ot+6=5

t=-1/9

x=5/9,y=-7/3,2=7/9

Point: (5/9, -7/3, 7/9)

Answer: (5/9, -7/3, 7/9).

12
Find this and other free resources at: http://maktaba.tetea.org

Prepared by: Maria Marco for TETEA



11. (b) Given the vectors: a=2mi-2j+k, b=1i+2nj-3k,c=3i-j+ 2rk

(i) Find the values of m, n, and r if the algebraic sum of the vectors is a null vector.
atb+c=2m+1+3)i+(-2+2n-1)j+(1-3+2nNk=0

2Zm+4=0—->m=-2

2n-3=0—->n=3/2

24+2r=0-r=1

Answer: m=-2,n=3/2,r=1.

(i) Using the results in (i), calculate the area of the plane formed by vectors a and b.
a=-4i-2j+k,b=i+3j-3k

axb=(-2(-3) - 1(3))i - (-4(-3) - 1))j + (-4(3) - (-)A)k

= 3i - 13j - 10k

Area = V(32 + (-13)2 + (-10)2) =278

Answer: \278.

(iii) Find the volume of the parallelepiped as a function of m, n, and r whose sides are the vectors given
above.

Volume = a - (b x c)|

bxc=(2n(2r) - (-3)(-1))i - (12r) - (-3)@))) + (1(-1) - 2n)(3))k
= (4nr - 3)i - (2r + 9)j - (6n + 1)k

a- (bxc)=(2m)(4nr - 3) + (-2)(-2r - 9) + (1)(-6n - 1)
=8mnr-6m+4r+18-6n-1

Volume = [8mnr - 6m + 4r - 6n + 17|

Answer: [8mnr - 6m + 4r - 6n + 17|.

12. (a) If the matrix A =[[3-2-2], [2 3 -1], [1 -1 3]], verify that det A = det A"T.
det A =3(3(3) - (-1)(-1)) - (-2)(2(3) - (-1)(1)) + (-2)(2(-1) - 3(1))
=38)+2(7)-2(-5=24+14 +10=48

AT =[[321],[-23-1], [-2 -1 3]]
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det AT =3(3(3) - (-1)(-1)) - 2((-2)(3) - (-:2)(-1)) + 1((-2)(-1) - 3(-2)) = 48
det A = det AT

Answer: Verified.

(b) Find the adjoint of the matrix in (a) and use it to solve the following system of equations:
3x-2y-2z=1

2Xx+3y-z=9

X-y+3z=-4

Adjoint: [[8 4 2], [-5 11 5], [1 -1 11]]

A~ = (1/48) [[8 4 2], [-5 11 5], [1 -1 11]]

[X, v, z] = (1/48) [[8 4 2], [-5 11 5], [1 -1 11]] [1, 9, -4]

x = (1/48) (8 + 36 - 8) = 3/4

y = (1/48) (-5 + 99 - 20) = 13/8

7= (1/48) (1-9 - 44) = -13/12

Answer: x = 3/4,y = 13/8, z = -13/12.

13. (a) Define the coordinates of p(x, y) in polar form and use it to write the following equations in most
simplified polar form:

x=rcos0,y=rsin0

(i) (x-a)>+ (y-bp=¢c?

(rcos 0 -a)®+ (rsin 6 - b)2 =2

r2-2ar cos 0 - 2br sin 0 + a> + b> = ¢?

Answer: r2 - 2ar cos 0 - 2br sin 0 + a*> + b*-c2=0.
(ilax+by+c=0

a(rcos 0) + b(rsin@) +c=0
r(acosf+bsinf)+c=0

Answer:r(acos 0 +bsin0)+c=0.
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13. (b) Transform equations (i) and (ii) below into Cartesian coordinates and complete them as instructed:
(i) r2 - 4r cos 6 + 4 = 0 and show that it has a unique solution.

rr=x>+y%,rcos0=x

X2+y2-4x+4=0

(x-2)2+y2=0

Point: (2, 0) (unique solution).

Answer: (X - 2)2 + y2 =0, unique solution (2, 0).

(ii) sin? O + 8 cos? 0 = 4 and verify that the curve is the result of the product of two straight lines passing
through the origin.

sin? 0 =y?/ (x2 +y?), cos? 0 =x2/ (x> +y?)
Y2106 +y2) + 821 (¢ +y?) = 4

Y+ B =4(C +y?)

4x2-4y2=0

X2-y2=0

(x-y)x+y)=0

Answer: (X - y)(x +y) =0, verified.

14. (a) Starting from the definition of the hyperbolic function cosh x, show that cosh (m+21)x - cosh (m-
1)x = 2 sinh mx sinh Xx.

cosh x = (e”x + eN(-x)) / 2

cosh (M+1)x = (eM(M+1)x) + er(-(m+1)x)) / 2

cosh (M-1)x = (eM(M-1)x) + er(-(M-1)x)) / 2

Left: (e(M+1)x) + eM(-(m+1)x) - er(M-1)x) - eM-(m-1)x)) / 2
= (e((m+1)x) - e*(m-1)x)) / 2 + (e*(-(M+1)x) - e(-(Mm-1)x)) / 2
= e™(mx) (e"x - e7(-x)) / 2 + e"(-mx) (e"(-x) - e"X) / 2

=sinh x (e”(mx) - eN(-mx)) = 2 sinh x sinh mx

Answer: Proven.

15
Find this and other free resources at: http://maktaba.tetea.org

Prepared by: Maria Marco for TETEA



14. (b) Evaluate [ dx / V(x? - 6x + 15) using a hyperbolic function substitution.
X2-6x+15=(x-3)2+6

Let x - 3 =6 sinh u, dx = V6 cosh u du

V((x - 3)? + 6) = (6 sinh? u + 6) = V6 cosh u

[ (V6 cosh u) / (N6 cosh u) du=u+ C =sinh* ((x - 3) / V6) + C
Answer: sinh™ ((x - 3) / V6) + C.

14. (c) Find the coordinates of the minimum point of the catenary y = 2 cosh (x/2).
dy/dx = 2 sinh (x/2) (1/2) = sinh (x/2)

Set dy/dx = 0: sinh (x/2)=0 —>x=0

y=2cosh0=2

Minimum point: (0, 2)

Answer: (0, 2).

15. (a) Find:

() ] x e*(2x) dx

Integration by parts: u = x, dv = e”(2x) dx

= (x eN2x)) 1 2 - (112) [ e7(2x) dx = (x e*(2x)) / 2 - (1/4) e”(2x) + C
Answer: (x eN2x)) / 2 - (1/4) en(2x) + C.

(ii) | (0 to 1/2) (x2 dx) / V(1 - x?)

Let x =sin 0, dx = cos 6 dO, 0: 0 to /6

[ (0 to 1/6) (sin? O cos 0) / (cos 0) dO = (0 to /6) sin? 6 dO

=(1/2) [ (0 to w/6) (1 - cos 20) do

= (1/2) [0 - (1/2) sin 26] (0 to 7/6)

= (1/2) (/6 - (1/2) sin (1/3)) = (W/12) - (V3/8)

Answer: (1/12) - (N3/8).
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15. (b) The area under a straight line y = 2x bounded by x-axis, x = 1, and x = h is rotated about the x-
axis.

(i) Sketch and identify the nature of the solid generated.
Solid: Frustum of a cone (base at x = 1, top at x = h).
Answer: Frustum of a cone.

(ii) Find the equation of the volume so formed as a function of h.
Volume == | (1 to h) (2x)? dx

=7 ] (1 to h) 4x> dx = (4n/3) (h* - 1)

Answer: (4n/3) (h? - 1).

16. (a) Simplify:

Op—Cpr—9

=p—(pVa)

=pVv(pVva)=-pVvy

Answer: -p Vv Q.

(i)pA(@—p)

=pA(-qVp)

=(PA-Q)V(pAP) =P

Answer: p.

16. (b) Write the converse and construct the truth table of the contrapositive of the conditional (p A q) —
q.

Converse: ¢ — (p A Q)

Contrapositive of converse: =(p A q) — —q
=(PV-9—q

==(=pVv-Q)V-q

=(PAg Vg

P q PAQ -q (pAQ)Vq
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F T F F F
F F F T T

Answer: Converse: g — (p A (), contrapositive: (p A g) V —q, truth table as shown.

16. (c) Test the validity of the argument whose premises are p — (—p — q), q — —p, and p, and whose
conclusion is —q.

p—(Cp—=p—>(pPVaA=-pVq

q—>"P="qVp

Premises: (-pV Q) A (=qQV —p) AP

=pA(@Vv-0)=p

Conclusion: =q

p A q — contradiction (since ¢ — —p), so —q must be true.
Argument is valid.

Answer: Valid.
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