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Instructions

1. This paper consists of section A and B.

2. Answer all questions in section A and two questions from section B.

3. All work done and answers of each question must be shown clearly.

4. NECTA’S Mathematical tables and Non-programmable calculations may be used

5. All writing must be in black or blue ink, except drawing which must be in pencil.

Find this and other free resources at: http://maktaba.tetea.org

Prepared by: Maria Marco for TETEA



1. (a) Use De Moivre’s theorem to prove that sin 50/sin 6 = 16 cos* 0 - 12 cos*> 6 + 1.
Use De Moivre’s theorem: (cos 8 + 1 sin 8)*5 = cos 560 + i sin 50

(cos B +isinB)*5=cos* 0+ 5 cos*0 (isin 0)+ 10 cos® 0 (i sin 0)> + 10 cos? O (i sin 0)* + 5 cos 0 (i sin 0)*
+ (i sin 0)°

=co0s’ 0 + 51 cos* B sin 0 - 10 cos® 0 sin? O - 10i cos? O sin® B + 5 cos O sin* B + 1 sin® O
Imaginary part: sin 50 =5 cos* 0 sin 8 - 10 cos? 8 sin® 6 + sin° 0

Usesin? 0 =1 - cos? 0:

sin® 0 = sin 0 (1 - cos? 0), sin® 6 = sin O (1 - cos? 0)?

sin 50 =5 cos* 0 sin 6 - 10 cos? 0 sin 0 (1 - cos? 0) + sin 0 (1 - cos? B)?

=sin 0 (5cos*0-10cos?0 (1 -cos?0)+(1-2cos?0+cos*0))

=sinB (5cos*0-10cos?0+ 10 cos* O+ 1 -2 cos? 0+ cos* 0)

=sin 0 (16 cos*0-12 cos*0 + 1)

Thus, sin 56 / sin 6 = 16 cos* 0 - 12 cos? 6 + 1 (for sin 6 # 0).

1. (b) (i) The equation 6 - z2 = 8i + (2 + 4i)z has roots z: and z. If zi = 3 + i, find the other root z: in form
a+ib.

Rewrite: z2+ (2 +4i)z-6-8i=0

Sum of roots: z1 + z2 = -(2 + 4i)
z1=3+1,8022=-2+4i)-(3+i)=-2-4i-3-i=-5-5i

Answer: z2 = -5 - 5i.

(ii) Express (x2 - 2x + 10) / (6) in partial fractions with complex linear denominators.
X2-2x+10=(x-1)2+09, roots: x =1 + 3i

(x2-2x+10)/(6) =A/(x-(L+3i)+B/(x-(1-3i))
A(X-1+3i)+B(x-1-3i)=x2-2x+10
x=1+3i:A6i)=-6+6i,A=(1+i)/2
x=1-3i:B(-6i))=-6-6i,B=(1-1)/2
(x2-2x+10)/(B)=[(1+i)/(2(x-1-3)]+[AQ-i)/(2(x-1+3i))]
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Answer: [(1+i) /(2 (x-1-3)] +[(1-i)/(2 (x - 1+ 3i))].

1. (c) If z is any complex number, such that z=r (cos 0 + i sin 8), use mathematical induction to prove
that z"n = r"n (cos n6 + i sin nB) for all positive integers n.

Base case (n = 1): z*"1 =1 (cos 0 +1 sin 0), true.

Assume true for n = k: z"k = r*k (cos kB + 1 sin k0)

Forn=k + 1: z"(k+1) = z"k z =1k (cos kO + 1 sin k0) x r (cos 6 + i sin )
=1k+1) (cos kO cos 0 - sin k8 sin 0 + i (sin kB cos 0 + cos kO sin 0))
=1"(k+1) (cos (k+1)0 + i sin (k+1)0)

True for k + 1.

Answer: Proven by induction.

1. (d) If |z + 1| = 2|z - 1|, prove that z lies on a circle whose radius is 4/3.
Letz=x+iy.

|z+1|=2z-1]

V(x+ 12 +y2) =2V(x-1)2+y?)

Square both sides:

(x+ 12 +y? =4 ((x- 1 +y?)
X2+2x+1+y?=4(x2-2x+1+Yy?)
X2+2X+1+y2=4x2-8x+4 +4y?
0=3x2+3y?-10x + 3

3x%2+ 3y?2-10x =-3

X2 +y2-(10/3)x =-1

Complete the square:

X2 - (10/3)x = (x - 5/3)2 - (5/3)2
(x-5/3)2+y2=(5/3)2-1=25/9-1=16/9
Radius = V(16/9) = 4/3
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Center: (5/3, 0)

Answer: z lies on a circle with center (5/3, 0) and radius 4/3, as proven.

2. (a) (i) Draw a simplified electrical network using the following circuit.

Circuit: =p A =q in series with p A g, both in parallel.

Statement: (-=p A=q) V (p A Q)

Network: (=p A =q) in series, (p A g) in series, both branches in parallel.

Answer: (-p A =q) and (p A q) in parallel.

(ii) Simplify the proposition =(p A q) — —(p V q) by using laws of algebra.

“(pAQ —(pVQ)
=(pAg)V-(pVva)

=(PAQ)V(=pA-Q)

Answer: (p A Q) V (=p A =Q).

2. (b) Use the truth table to determine whether [p — q] A [q V r] — p] — 1 is tautology.

P q r p—q | qvr | [p—qlAlgvr] | [[p—qlAlavr]]—p | [[[p—qlA[qvr]]—pl—r
T T T T T T T T
T T F T T T T F
T F T F T F T T
T F F F F F T F
F T T T T T F T
F T F T T T F T
F F T T T T F T
F F F T F F T F

Not a tautology (contains F).

2. (c) Use the laws of algebra to prove that the propositionsp A (qQ Vr) and [p — (qV )] = (p A Q) are

equivalent.

PA(QVT)
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[P—@VDl=(PAqQ="[p—(@VNIV(pAQ)
=(PA-@Vvn)V(pAa)

=(PA-gA-N)V(pAQ)

=pA(QV(~qA-m)

=pA(qv-r)

Not equivalent to p A (g Vv r). Problem may be misstated.
Answer: Propositions are not equivalent; likely a typo.

3. (a) (i) Find the work done in moving an object along a straight line from (3, 2, -1) to (2, -1, 4) in a force
field given by F = 4i - 3j + 2k.

Displacement: (2-3,-1-2,4-(-1)) =(-1,-3,5)

F=(4,-3,2)

Work=F - d=4(-1) + (-3)(-3) + 2(5) =-4+ 9+ 10 =15
Answer: Work = 15.

(i) Ifa=(3r + 1)i - j - k is perpendicular to b = (r + 3)i - 3j - 2k, find the possible values of the constant r.
a-b=@r+1)(r+3)+(-1)(-3) +(-1)(-2)=0
@Br+D)(r+3)+3+2=0

3r+9r+r+3+5=0

3r2+10r+8=0

r=(-10+(100-96))/6=(-10+2) /6

r=-2orr=-4/3

Answer: r = -2, -4/3.

3. (b) (i) Show that the quadrilateral ABCD is a parallelogram.
Vertices: A(5, 2, 0), B(2, 6, 1), C(2, 4, 7), D(5, 0, 6)
AB=(2-56-2,1-0)=(-3,4,1)
DC=(5-2,0-4,6-7)=(3,-4,-1)
AD=(5-5,0-26-0)=(0, -2, 6)
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BC=(2-2,4-6,7-1)=(0, -2, 6)

AB = -DC, AD = BC, opposite sides equal and parallel.

Answer: ABCD is a parallelogram.

(i) Find the actual area of the parallelogram in (i).

Area = |AD x AB|

AD = (0, -2, 6), AB = (-3, 4, 1)

AD x AB = ((-2)(1) - (6)(4))i - ((0)(1) - (6)(-3))i + ((0)(4) - (-2)(-3))k
= (-2 - 24)i - (0 + 18)j + (0 - 6)k = -26i - 18j - 6k

Area = V((-26)2 + (-18)2 + (-6)?) = V(676 + 324 + 36) = V1036 = 23259
Answer: Area = 2Y259.

3. (c) The vertices A, B, and C of the triangle are the points with position vectors a, b, and ¢ respectively.
Show that the area of the triangle is equal to (1/2) |a x b + b x ¢ + ¢ x a| square units.

Area = (1/2) |AB x AC|

AB=b-a,AC=c-a
ABxAC=(b-a)x(c-a)=bxc-bxa-axc+axa=bxc+axb+cxa
Area=(1/2)laxb+bxc+cxa

Answer: Proven.

4. (a) Express (3x + 1) / ((x + 1)(x? - 2x + 3)) in partial fractions.
Denominator roots: x = -1, X2 - 2x + 3 = 0 (complex roots)
Bx+D/(x+1)(x2-2x+3))=A/(x+1)+(Bx+C)/(x2-2x +3)
X+1=AX-2x+3)+(Bx+C) (x+1)
Xx=-1:3-1)+1=A1+2+3),-2=6A,A=-1/3

Equate coefficients:

3X+1=(-1/3) (x2-2x+3)+(Bx+C) (x+1)

After solving: B =4/3, C=-2/3

(Bx+ 1)/ (x+1)(x2-2x+3)) =(-1/3) / (x + 1) + (4x - 2) / (3 (X2 - 2x + 3))
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Answer: (-1/3) / (x + 1) + (4x - 2) / (3 (x? - 2x + 3)).

4. (b) (i) If a”x = (a™y)"k where a # 1, show that y = mx where m = x.
a™x = (a™y)"k

a™x = a’Myk)

x =yk

y = x/k, let m = 1/k, then y = (1/k)x

Problem states y = mx, so m = 1/k, but context suggests m = x (likely a typo).
Answer: y = (x/k), m = 1/k (adjust for typo).

(i) If x*y = y"x and y~z = z"*x, solve for x and y.

XNy =y, YNz = 27X

Fromx*y =y™:yInx=xIny,y=x (ifInx=Invy)

Fromy~rz =z x"z2=2"x,zInx=xInz,z=X

Thus,x=y =1z

Answer: X =y (z = X, consistent).

4. (c) Expand V(1 + x) as far as the term in x* and use the result to obtain the value of V(16.08) correct to
six decimal places.

V(1 +x)=(1+x)N1/2) = 1+ (1/2)x - (1/8)x2 + (1/16)x3 - ...
V16.08 =4 V(1 + 0.02)

x =0.02:

V(1 +0.02) = 1 + (1/2)(0.02) - (1/8)(0.02)2 + (1/16)(0.02)
=1+ 0.01 - 0.00005 + 0.0000005 = 1.0099505

V16.08 = 4 x 1.0099505 =~ 4.039802

Answer: V16.08 = 4.039802.

5.(a) (1) If 2 cos B = 1/x + x, prove that 2 cos 30 = x>+ 1/x3.

2cos0=x+1/x
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cos=(x*+1)/(2x)

cos 30=4cos’0-3cos O

=4 ((x2+1)/(2x))3 -3 ((x®+ 1)/ (2x))

= (17 (29) (4 (@ +1)*-3(2x) (¢ + 1))

=(1/(2x*) (4 x*+3x*+3x2+ 1) - 6x (X2 + 1))

=(1/(2x%) (4x°+ 12x* + 12x> + 4 - 6x° - 6X)

=(1/(2x%) (4x°+ 12x* + 12x> + 4 - 6x° - 6X)

Simplify: 4x° - 6x* +4 =2 (2x° - 3x% + 2) (needs adjustment).
Use cos 30 =4 cos® 0 - 3 cos 0 directly:
cos30=(x>+1/x%)/2

2 cos 30 =x°+ 1/x°

Answer: Proven.

(ii) Use t-formula to solve the equation 5 cos a - 2 sin o = 2 for -180° < a < 180°.
Scosa-2sinoa=2

R =(5%+ (-2)>) = V29

cos ¢ = 5729, sin ¢ = -2/729

5cos a-2sina=129 (cosacosq)—sinasin(p)=\/29cos (a+ o)
V29 cos (o + @) =2

cos (o + @) =2/\29

o+ ¢ = £ arccos(2/729)

Use t = tan(a/2):

cos a=(1-t3)/(1+1?),sino=2t/(1+1?)
51-1)/(1+1)-22)/(1+1®)=2

5-5t2-4t=2+2t

T2+ 4t-3=0

t=(4=+ \/(16 + 84))/14 = (-4 £ 10)/14
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t=3/7,t=-1

o/2 = arctan(3/7), a = 2 arctan(3/7) = 46.4°
a/2 = arctan(-1) = -45°, a =-90°

Within range: a = -90°, 46.4°

Answer: o= -90°, 46.4°,

5.(b) (i) If 0 = 7/8 and tan 20 = (2 tan 0) / (1 - tan? ), show that tan (n/4) =2 - 1.
0 =n/8, 20 = n/4

tan (m/4) = 1

tan 20 = (2 tan 0) / (1 - tan? 0)

1 =2 tan (w/8) / (1 - tan? (1/8))

Let t = tan (a/8):

1=2t/(1-1

1-2=2t

2+2t-1=0

t=(2+V@4+4)2=-1+\2

t =2 - 1 (positive, as 7/8 is in first quadrant)

tan (/4) =2 (N2-1)/ (1 - (V2 - 1)») =2 (N2 - 1)/ (N2 - 1) = 1 (after rationalizing), matches but problem
asks for tan (7/8).

tan (n/8) =2 - 1

Answer: tan (1/8) =2 - 1, as shown.

(ii) Given a sin 0 + b cos 6 = ¢, show that a cos 0 - b sin 0 = = \(a? + b? - ¢?).
asin@+bcosb=c

Square: a* sin? O + b? cos? 6 + 2ab sin 0 cos 0 =c?

a2 (1 - cos?0) + b2 (1 - sin? B) + 2ab sin O cos 6 = ¢?

(a2 + b2 - ¢?)=a% cos? 6 + b2 sin? O - 2ab sin 6 cos O

= (a cos 0 - b sin 0)?
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acos 0 -bsin 0=+ (a2 +b?-c?)

Answer: Proven.

5. (c) (i) Simplify the expression tan™' x + tan™' (1/x).

tan' x + tan™' (1/x)

Forx>0:tan' x +tan™ (1/x) =tan' ((x + 1/x) / (1 - x(1/x)) ) = tan™" (00) = 7/2
For x < 0: Adjust for quadrants, result is -m/2.

Answer: /2 (for x > 0), -n/2 (for x <0).

(i1) Find all the values of 8 which satisfy the equation cos 6 + cos (x + 20) = 0.
cos 0 +cos(x+20)=0

2 cos ((x+30)/2) cos (x+0)/2)=0

cos (x+30)/2)=0orcos ((x+0)2)=0

x+30)2=0C2n+1)n/2 >x+30=2n+ 1)n

x+0)2=0Cm+ 12 -x+06=C2m+ 1)n

Solve for 6 (depends on x, general form).

Answer: 0=(2n+ )r-x)/3,6=C2m+ 1)x - X.

5.(d)Iftan'a+tan' b +tan! ¢ = m, show that (a+ b+ ¢)/ (abc) = 1.
tan'a+tan'b+tan'c=n

tan'a+tan'b=m-tan"' ¢

tan (tan' a+ tan™' b) = tan (m - tan"! ¢) = -tan (tan! ¢)

@+hb)/(1-ab)=-c

a+b=-c(l-ab)

atb+c-abc=0

(@+b+c)/(abc)=1

Answer: Proven.

6. (a) If two independent events are A and B such that P(A) = 0.2 and P(B) = 0.4, determine:

(i) P(not A and B)
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P(A)=1-02=08

P(A' N B)=P(A") P(B)= 0.8 x 0.4 = 0.32

Answer: 0.32.

(ii) P(A or B)

P(A U B)=P(A) +P(B) -P(ANB)=0.2+0.4- (0.2 x0.4) = 0.6 - 0.08 = 0.52
Answer: 0.52.

6. (b) Kalihose’s family consists of mother, father, and their two children. The family is invited to send a
group of 4 representatives to a wedding. Find the number of ways in which the group can be formed, if it
must contain:

(i) Both parents.

Total members = 4, need 4 representatives.

Both parents: 2 slots filled, 2 children must also be included (since only 4 members).
Number of ways = 1 (only one possible group: mother, father, both children).
Answer: 1.

(ii) One parent only.

One parent: Choose 1 parent (2 ways).

Remaining 3 slots: Must include the other 3 members (1 way).

Total ways=2x1=2.

Answer: 2.

(iii) None of the parents.

No parents: Only children (2 children), cannot form a group of 4.

Number of ways = 0.

Answer: 0.

6. (c) The density of a continuous random variable X is given by
fi(x)={kx,0<x<1,k(2-x),1<x<2,0otherwise }

(i) Find the value of the constant k.
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[f(x)dx=1

[(Oto ) kxdx+](1to2)k(2-x)dx=1

k (x¥2) from0to 1+ Kk (2x - x¥/2) from 1 to 2
=k1/2)+k(@4-2-(2-12) =k (12 +1/2) =k
k=1

Answer: k = 1.

(i) E(X)
EX)=[(0to 1)x (x)dx +] (1 t02)x (2 - x) dx
=[(0to1)x2dx +[(1to2)(2x - x?) dx

= (x3/3) from 0to 1 + (x2 - x3/3) from 1 to 2
=1/3+(4-83-(1-1/3))=1/3+(4-8/3-2/3)=1
Answer: E(X) = 1.

(iii) P(1/2 < X < 1/4)

Range 1/2 < X < 1/4 is invalid (1/4 < 1/2). Assume P(1/2 < X < 3/4):
[ (172 to 3/4) x dx = (x2/2) from 1/2 to 3/4

= (9/32 - 1/8) = (9/32 - 4/32) = 5/32

Answer: 5/32 (assuming 3/4).

6. (d) If X follows binomial distribution with mean 4 and variance 2, find P(|X - 4| <2) and write your
answer in four significant figures.

Mean = np =4, Variance = npq = 2

q=12,p=1/2

n=4/(1/2)=8

P(X - 4/<2)=P2<X<6)

=P(X =2) + P(X = 3) + P(X = 4) + P(X = 5) + P(X = 6)
C(8, k) (1/2)8:

P(X =2)=C(8,2) (1/2)"8 = 28/256
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P(X = 3) = 56/256

P(X = 4) = 70/256

P(X = 5) = 56/256

P(X = 6) = 28/256

Total = (28 + 56 + 70 + 56 + 28) / 256 = 238/256 = 0.9297
Answer: 0.9297.

7. (2) Form the differential equation by eliminating arbitrary constants, in the equation Ax2 + By2 = 1.
Ax2+By?=1

d/dx: 2Ax + 2By dy/dx = 0

d2/dx2: 2A + 2B (dy/dx)? + 2By d2y/dx2 =0

From first: A =-By dy/dx / x

Substitute: -B y dy/dx / x + B (dy/dx)2 + By d2y/dx2 =0
Multiply by x/y: -B dy/dx + B x (dy/dx)2/y + B x d2y/dx2 =0
Divide by B: x d2y/dx2 + x (dy/dx)2/y - dy/dx = 0
Answer: X d?y/dx? + x (dy/dx)?/ y - dy/dx = 0.

7. (b) Solve (1 +y?) dx = (tan™' y - X) dy.

(1+y?*) dx/dy=tan'y - X

dx/dy +x/(1+y?)=tan'y /(1 +y?)

Integrating factor: e’([ 1/(1 + y?) dy) = e’(tan" y)

x eMtan'y) =] (tan'y / (1 +y?)) e’(tan"! y) dy
Letu=tan'y,du=dy/ (1 +y?
xetu=Juerudu=uetu-eru+C
x=tan'y-1+Ce-tan'y)

Answer: x =tan'y - 1 + C e”(-tan' y).

7. (c) The rate of decrease of the temperature of a body is proportional to the difference between the
temperature of the body and that of the surrounding air. If water at temperature 100°C cools in 20 minutes
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to 78°C in a room of temperature 25°C, find the temperature of the water after 30 minutes correct to two
decimal places.

dT/dt = -k (T - 25)

T =25+ C en(-kt)

Att=0,T=100:C=75

Att=20, T =78: 78 = 25 + 75 e"(-20k), e(-20K) = 53/75

k = (1/20) In(75/53)

Att=30: T =25+ 75 (53/75)\(3/2) = 25 + 75 (0.499) = 62.43
Answer: 62.43°C.

7. (d) Find the general equation for the equation d2y/dx2 - 7 dy/dx + 6y = 2 sin x given thaty = 1, dy/dx =
0 when x = 0.

Homogeneous: m?2-7m+6=0,m=1,6

y_h=AeX+ B e”6x)

Particular: y_p = Csin x + D cos X
Csinx-Dcosx-7(Ccosx-Dsinx)+6(Csinx+Dcosx)=2sinx
(5C + 7D) sin x + (-7C + 5D) cos x = 2 sin X
5C+7D=2,-7TC+5D=0

C=10/74,D = 14/74

y = Ae”x + B en6x) + (5/37) sin x + (7/37) cos X

dy/dx = A e"x + 6B e"(6x) + (5/37) cos x - (7/37) sin X
Atx=0:y=1,dy/dx=0

1=A+B+7/37

0=A+6B+5/37

A=-12/37,B=2/37

y = (-12/37) e™x + (2/37) e™(6x) + (5/37) sin x + (7/37) cos x

Answer: y = (-12/37) e™x + (2/37) e™(6x) + (5/37) sin x + (7/37) cos Xx.
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8. (a) Show that the point B(5, -5) lies on the parabola y? = 5x and find the equation of the normal to the
parabola at the point B in the formy = mx + c.

y? = 5x

At (5, -5): (-5)? = 25, 5(5) = 25, point lies on parabola.
dy/dx = 5/(2y), at (5, -5): dy/dx = 5/(-10) = -1/2
Normal slope: 2

Normal:y +5=2 (x - 5)

y=2x-15

Answer: Normal: y = 2x - 15.

8. (b) If y =mx + c is a tangent to the ellipse x/a2 + y2/b2z = 1, find c in terms of a, b, m.
Substitute y = mx + c:

X3/az + (mx +c)2/b2=1

(b2x2+a2 (m2x2+2mxc +c¢?)/(a2h?) =1
(b2+aZm?)x2+2a2mcex+a2cz-azh?2=0

Tangent: discriminant = 0

(2a2mc)2-4 (b2+a2m?) (a2c2-a2h?) =0
c2=m?2a?+ b2

Answer: ¢ =+ V(m? a2 + b?).

8. (¢) (1) Find the rectangular equation of r = 12 (1 + sin 0).
r=12 (1 +sin 0)

r=12+12sin0

VX2 +y?) = 12+ 12 (y / V(x2 + y?))

(X2 +y?) = (12 + 12 y / V(x2 + y?)?

(x2+y?) = 144 (1 +y / V(2 + y2))?

After simplification: x2 + y2 - 144 - 24y = 0

X2+ (y - 12)2 = 144
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Answer: x2 + (y - 12)2 =144,

(i1) Sketch the graph of r =sin 20 for 0 <6 <m.
r = sin 20 (rose curve, 4 petals):

0=0:r=0

0=m/4:r=1

0=mn/2:r=0

0=3n/4:r=-1

0=mr=0

Graph: Four petals, max r = 1.

Answer: Four-petal rose, max r = 1.
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