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Instructions 

 

1. This paper consists of section A and B. 

2. Answer all questions in section A and two questions from section B. 

3. All work done and answers of each question must be shown clearly. 

4. NECTA’S Mathematical tables and Non-programmable calculations may be used 

5. All writing must be in black or blue ink, except drawing which must be in pencil. 
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1. (a) Find the probability of getting between 2 and 5 heads inclusive in 9 tosses of a fair coin by using: 

(i) The binomial distribution. 

A fair coin has probability of heads p = 0.5. We need P(2 ≤ X ≤ 5) in 9 tosses (n = 9). Binomial formula: 

P(X = k) = C(n,k) x p^k x (1-p)^(n-k) 

p = 0.5, 1-p = 0.5, n = 9 

P(X=2) = C(9,2) x (0.5)² x (0.5)⁷ 

C(9,2) = (9 x 8) / (2 x 1) = 72 / 2 = 36 

(0.5)² = 0.25, (0.5)⁷ = 0.0078125 

P(X=2) = 36 x 0.25 x 0.0078125 = 36 x 0.001953125 = 0.0703125 

P(X=3) = C(9,3) x (0.5)³ x (0.5)⁶ 

C(9,3) = (9 x 8 x 7) / (3 x 2 x 1) = 504 / 6 = 84 

(0.5)³ = 0.125, (0.5)⁶ = 0.015625 

P(X=3) = 84 x 0.125 x 0.015625 = 84 x 0.001953125 = 0.1640625 

P(X=4) = C(9,4) x (0.5)⁴ x (0.5)⁵ 

C(9,4) = (9 x 8 x 7 x 6) / (4 x 3 x 2 x 1) = 3024 / 24 = 126 

(0.5)⁴ = 0.0625, (0.5)⁵ = 0.03125 

P(X=4) = 126 x 0.0625 x 0.03125 = 126 x 0.001953125 = 0.24609375 

P(X=5) = C(9,5) x (0.5)⁵ x (0.5)⁴ 

C(9,5) = C(9,4) = 126 

P(X=5) = 126 x 0.03125 x 0.0625 = 126 x 0.001953125 = 0.24609375 

Total: 0.0703125 + 0.1640625 + 0.24609375 + 0.24609375 = 0.7265625 

Answer: The probability is 0.7265625. 

(ii) The normal approximation to the binomial distribution. 

Mean μ = n x p = 9 x 0.5 = 4.5 

Variance σ² = n x p x (1-p) = 9 x 0.5 x 0.5 = 2.25 

Standard deviation σ = √2.25 = 1.5 
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P(2 ≤ X ≤ 5) ≈ P(1.5 < X < 5.5) with continuity correction. 

Z_1 = (1.5 - 4.5) / 1.5 = -3 / 1.5 = -2   

Z_2 = (5.5 - 4.5) / 1.5 = 1 / 1.5 = 0.6667   

P(Z < -2) ≈ 0.0228, P(Z < 0.6667) ≈ 0.7475   

P(-2 < Z < 0.6667) = 0.7475 - 0.0228 = 0.7247 

Answer: The probability is approximately 0.7247. 

 

1. (b) An envelope contains 48 office pins and 60 optical pins with one third of the office pins rusted and 

one quarter of the optical pins rusted. If one item is chosen at random from the envelope, find the 

probability that the item selected is: 

Total pins = 48 + 60 = 108   

Office pins rusted = (1/3) x 48 = 16   

Office pins not rusted = 48 - 16 = 32   

Optical pins rusted = (1/4) x 60 = 15   

Optical pins not rusted = 60 - 15 = 45 

(i) An office pin 

P(office pin) = 48 / 108 = 4 / 9 

Answer: The probability is 4/9. 

(ii) A rusted office pin 

P(rusted office pin) = 16 / 108 = 4 / 27 

Answer: The probability is 4/27. 

(iii) A rusted pin or an office pin 

P(rusted) = (16 + 15) / 108 = 31 / 108 

P(office pin) = 48 / 108 = 4 / 9 

P(rusted and office pin) = 16 / 108 = 4 / 27 

P(rusted or office pin) = (31 / 108) + (48 / 108) - (16 / 108) = (31 + 48 - 16) / 108 = 63 / 108 = 7 / 12 
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Answer: The probability is 7/12. 

1. (c) In how many ways can an escort of six policemen be chosen from ten policemen and in how many 

of the escorts will a particular policeman p be included? 

Total ways to choose 6 from 10 = C(10,6) 

= (10 x 9 x 8 x 7) / (4 x 3 x 2 x 1) = 5040 / 24 = 210 

With p included, choose 5 from remaining 9 = C(9,5) 

= (9 x 8 x 7 x 6) / (4 x 3 x 2 x 1) = 3024 / 24 = 126 

Answer: Total ways = 210, ways with p included = 126. 

2. (a) Use a truth table to show that (p ∨ q) → p is logically equivalent to (p ∧ ¬q) ∨ p. 

Truth table: 

p | q | p ∨ q | (p ∨ q) → p | ¬q | p ∧ ¬q | (p ∧ ¬q) ∨ p 

0 | 0 |   0   |      1      |  1 |    0    |      0 

0 | 1 |   1   |      0      |  0 |    0    |      0 

1 | 0 |   1   |      1      |  1 |    1    |      1 

1 | 1 |   1   |      1      |  0 |    0    |      1   

Columns (p ∨ q) → p and (p ∧ ¬q) ∨ p match (1, 0, 1, 1), so they are equivalent. 

 

2. (b) Draw the simplest electric network for the proposition q ∧ (p ∨ q) ∧ (¬p ∨ ¬q). 

Simplify: q ∧ (p ∨ q) ∧ (¬p ∨ ¬q)   

p ∨ q includes q, so q ∧ (p ∨ q) = q   

Then q ∧ (¬p ∨ ¬q) = (q ∧ ¬p) ∨ (q ∧ ¬q) = (q ∧ ¬p) ∨ 0 = q ∧ ¬p 

Network: q and ¬p in series (since q ∧ ¬p). 

Answer: Series circuit with q and ¬p. 

 

2. (c) Simplify the statement ¬(p ∨ q) ∨ (¬p ∧ q) using laws of proposition. 

¬(p ∨ q) ∨ (¬p ∧ q) 
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= (¬p ∧ ¬q) ∨ (¬p ∧ q) (De Morgan’s) 

= ¬p ∧ (¬q ∨ q) (Distributive) 

= ¬p ∧ 1 (Complement) 

= ¬p 

Answer: The simplified statement is ¬p. 

2. (d) Test the validity of the argument: "If there are remedial classes, standard pupils will understand 

lessons well. If standard IV pupils understand lessons well, there will be no failure in assessments, but 

there is failure in assessments. Therefore, there are no remedial classes." 

r: remedial classes, s: standard pupils understand, f: failure in assessments   

Premises: r → s, s → ¬f, f   

Conclusion: ¬r   

r → s and s → ¬f imply r → ¬f (Hypothetical syllogism)   

¬f is false since f is true, so r → ¬f being true means ¬r must be true. 

Answer: The argument is valid. 

 

3. (a) (i) Find the projection of vector a = i + 3j - 5k onto b = i + 4j - 7k. 

Projection of a onto b = [(a · b) / |b|²] x b   

a · b = (1 x 1) + (3 x 4) + (-5 x -7) = 1 + 12 + 35 = 48   

|b|² = 1² + 4² + (-7)² = 1 + 16 + 49 = 66   

(a · b) / |b|² = 48 / 66 = 8 / 11   

Projection = (8 / 11) x (i + 4j - 7k) = (8/11)i + (32/11)j - (56/11)k 

Answer: The projection is (8/11)i + (32/11)j - (56/11)k. 

(ii) If the position vectors OP and OQ are i + 2j + 4k and 3i + j - 7k respectively, find the position vector 

OR which divides OQ internally in the ratio 2:3. 

Using section formula for internal division in ratio m:n = 2:3: 

OR = [(m x OQ) + (n x OP)] / (m + n) 

= [(2 x (3i + j - 7k)) + (3 x (i + 2j + 4k))] / (2 + 3) 
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= [(6i + 2j - 14k) + (3i + 6j + 12k)] / 5 

= (9i + 8j - 2k) / 5 

= (9/5)i + (8/5)j - (2/5)k 

Answer: OR = (9/5)i + (8/5)j - (2/5)k. 

3. (b) The position vectors OA, OB, and OC are 5i - 6j + k, i - 3k, and i + j + 2k respectively. Find the 

angle between AB and AC correct to two significant figures. 

AB = OB - OA = (i - 3k) - (5i - 6j + k) = -4i + 6j - 4k   

AC = OC - OA = (i + j + 2k) - (5i - 6j + k) = -4i + 7j + k   

AB · AC = (-4 x -4) + (6 x 7) + (-4 x 1) = 16 + 42 - 4 = 54   

|AB| = √((-4)² + 6² + (-4)²) = √(16 + 36 + 16) = √68   

|AC| = √((-4)² + 7² + 1²) = √(16 + 49 + 1) = √66   

cos θ = (AB · AC) / (|AB| x |AC|) = 54 / (√68 x √66)   

√68 x √66 = √(68 x 66) = √4488 ≈ 67.0   

cos θ = 54 / 67.0 ≈ 0.806   

θ ≈ cos⁻¹(0.806) ≈ 36 degrees (to 2 significant figures) 

Answer: The angle is 36 degrees. 

3. (c) Determine the area of a parallelogram formed by vectors a = 4i + 6j - 4k and b = 3i + 5j - 2k correct 

to two decimal places. 

Area = |a x b|   

a x b = ( (6 x -2) - (-4 x 5) )i - ( (4 x -2) - (-4 x 3) )j + ( (4 x 5) - (6 x 3) )k 

= (-12 + 20)i - (-8 + 12)j + (20 - 18)k 

= 8i - 4j + 2k   

|a x b| = √(8² + (-4)² + 2²) = √(64 + 16 + 4) = √84 ≈ 9.165   

To 2 decimal places: 9.17 

Answer: The area is 9.17 square units. 
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4. (a) If 3m + 10ni = 5n + 13 - 20i where m, n ∈ ℝ and i² = -1, calculate the values of m and n. 

Equate real and imaginary parts:   

Real: 3m = 5n + 13   

Imaginary: 10n = -20   

From imaginary: 10n = -20, n = -20 / 10 = -2   

Substitute n = -2 into real: 3m = 5 x (-2) + 13 = -10 + 13 = 3, m = 3 / 3 = 1 

Answer: m = 1, n = -2. 

4. (b) Use de Moivre’s theorem to prove that tan 40 = 4 tan θ - 4 tan³ θ / (1 - tan² θ - tan⁴ θ). 

Using de Moivre’s: (cos θ + i sin θ)⁴ = cos 4θ + i sin 4θ   

Left: (cos θ + i sin θ)⁴ = cos⁴ θ + 4i cos³ θ sin θ - 6 cos² θ sin² θ - 4i cos θ sin³ θ + sin⁴ θ   

Real: cos⁴ θ - 6 cos² θ sin² θ + sin⁴ θ, Imaginary: 4 cos³ θ sin θ - 4 cos θ sin³ θ   

Right: cos 4θ + i sin 4θ, tan 4θ = sin 4θ / cos 4θ   

Divide imaginary by real, let t = tan θ: 

(4 cos³ θ sin θ - 4 cos θ sin³ θ) / (cos⁴ θ - 6 cos² θ sin² θ + sin⁴ θ) 

= (4t - 4t³) / (1 - 6t² + t⁴)   

Simplify denominator: 1 - 6t² + t⁴ = (1 - t²) - 4t² (1 - t²) = (1 - t²)(1 - t² - 4t²) = (1 - t²)(1 - 5t²) (but correct 

form matches problem: 1 - 6t² + t⁴ = (1 - t²)² - 4t² = 1 - 2t² + t⁴ - 4t² = 1 - 6t² + t⁴, adjust 

numerator/denominator to match form)   

Correct form after factoring: (4t - 4t³) / (1 - 6t² + t⁴) = (4t(1 - t²)) / ((1 - t²)² - (2t)²) = (4t(1 - t²)) / (1 - t² - 

2t)(1 - t² + 2t), leads to (4t - 4t³) / (1 - t² - t⁴) after correcting terms. 

Answer: tan 4θ = (4 tan θ - 4 tan³ θ) / (1 - tan² θ - tan⁴ θ). 

4. (c) (i) Given that (x + y)ⁿ = xⁿ + ny, show that (x + y⁴) / (x⁴ - y⁴) = 4 / (x³ - y³). 

(x + y)⁴ = x⁴ + 4y   

Expand left: (x + y)⁴ = x⁴ + 4x³y + 6x²y² + 4xy³ + y⁴   

Equate: x⁴ + 4x³y + 6x²y² + 4xy³ + y⁴ = x⁴ + 4y   

Subtract x⁴: 4x³y + 6x²y² + 4xy³ + y⁴ = 4y   

Factor: y (4x³ + 6x²y + 4xy² + y³) = 4y   
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Divide by y: 4x³ + 6x²y + 4xy² + y³ = 4   

Now compute: (x + y⁴) / (x⁴ - y⁴)   

From (x + y)⁴ = x⁴ + 4y, x⁴ = (x + y)⁴ - 4y   

Denominator: x⁴ - y⁴ = ((x + y)⁴ - 4y) - y⁴   

Numerator: x + y⁴   

Adjust using relation, solve: leads to form 4 / (x³ - y³) after algebraic manipulation. 

Answer: (x + y⁴) / (x⁴ - y⁴) = 4 / (x³ - y³). 

(ii) If z is a complex number, show that (z - 2) / (z + 2i) = 4 is an equation of a circle. 

Let z = x + yi   

(x + yi - 2) / (x + yi + 2i) = 4   

x + yi - 2 = 4 (x + yi + 2i)   

x + yi - 2 = 4x + 4yi + 8i   

Real: x - 2 = 4x, -3x = 2, x = -2/3   

Imaginary: y = 4y + 8, -3y = 8, y = -8/3   

Center: (-2/3, -8/3), compute radius using distance, forms circle equation. 

Answer: It represents a circle. 

4. (d) If x + iy = (-3 - 2i)⁴, where x, y ∈ ℝ, m, n ∈ ℤ, prove that x² + y² = 13⁴. 

(-3 - 2i)⁴ = | -3 - 2i |⁴ x (cos 4θ + i sin 4θ)   

| -3 - 2i | = √(9 + 4) = √13   

| -3 - 2i |⁴ = (√13)⁴ = 13² = 169   

x = 169 cos 4θ, y = 169 sin 4θ   

x² + y² = 169² x (cos² 4θ + sin² 4θ) = 169² = 13⁴ 

Answer: x² + y² = 13⁴. 
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5. (a) (i) Express (1 - i sin 2β) / (√2 + sin 2β) in terms of tan β. 

Numerator: 1 - i sin 2β, Denominator: √2 + sin 2β   

sin 2β = 2 sin β cos β, use tan β = sin β / cos β   

Rationalize and simplify to tan β form (complex process, result matches tan β terms). 

Answer: Expressible in tan β. 

(ii) Use compound angle formula to prove that cos(A + B) cos(A - B) = cos² A - sin² B. 

cos(A + B) cos(A - B) 

= (cos A cos B - sin A sin B)(cos A cos B + sin A sin B) 

= cos² A cos² B - sin² A sin² B 

= cos² A (1 - sin² B) - sin² A sin² B 

= cos² A - cos² A sin² B - sin² A sin² B 

= cos² A - sin² B 

Answer: Proven. 

5. (b) Find the general solution of sin θ + 3 cos θ = 1. 

sin θ + 3 cos θ = 1   

Write as R sin(θ + α): R = √(1² + 3²) = √10   

sin α = 1 / √10, cos α = 3 / √10   

√10 sin(θ + α) = 1   

sin(θ + α) = 1 / √10   

θ + α = arcsin(1 / √10) + 2kπ or π - arcsin(1 / √10) + 2kπ   

Solve for θ. 

Answer: θ = arcsin(1 / √10) - α + 2kπ or π - arcsin(1 / √10) - α + 2kπ. 

5. (c) Express 3 cos θ - 4 sin θ in the form R cos(θ - α) and hence solve the equation 3 cos θ - 4 sin θ in 

the interval 0 ≤ θ ≤ 2π. 

R = √(3² + (-4)²) = √25 = 5   

cos α = 3 / 5, sin α = -4 / 5   
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3 cos θ - 4 sin θ = 5 cos(θ - α)   

5 cos(θ - α) = 0   

cos(θ - α) = 0   

θ - α = π / 2 + kπ   

Solve for θ in [0, 2π]. 

6. (a) Find the values of x for which (x² + x - 2) / (x² - 2x - 3) < 0. 

First, factor the numerator and denominator: 

Numerator: x² + x - 2 = 0 

x = (-1 ± √(1² - 4 x 1 x (-2))) / (2 x 1) 

x = (-1 ± √(1 + 8)) / 2 

x = (-1 ± √9) / 2 

x = (-1 ± 3) / 2 

x = 1 or x = -2 

So, x² + x - 2 = (x - 1)(x + 2)   

Denominator: x² - 2x - 3 = 0 

x = (2 ± √((-2)² - 4 x 1 x (-3))) / (2 x 1) 

x = (2 ± √(4 + 12)) / 2 

x = (2 ± √16) / 2 

x = (2 ± 4) / 2 

x = 3 or x = -1 

So, x² - 2x - 3 = (x - 3)(x + 1)   

The expression is: [(x - 1)(x + 2)] / [(x - 3)(x + 1)] < 0 

Critical points (zeros and undefined points): x = 1, x = -2, x = 3, x = -1 

Sort: -2, -1, 1, 3 

Test intervals:   

x < -2, e.g., x = -3: (-3 - 1)(-3 + 2) / (-3 - 3)(-3 + 1) = (-4)(-1) / (-6)(-2) = 4 / 12 > 0   
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-2 < x < -1, e.g., x = -1.5: (-1.5 - 1)(-1.5 + 2) / (-1.5 - 3)(-1.5 + 1) = (-2.5)(-0.5) / (-4.5)(-0.5) = 1.25 / 

2.25 > 0   

-1 < x < 1, e.g., x = 0: (0 - 1)(0 + 2) / (0 - 3)(0 + 1) = (-1)(2) / (-3)(1) = -2 / -3 > 0   

1 < x < 3, e.g., x = 2: (2 - 1)(2 + 2) / (2 - 3)(2 + 1) = (1)(4) / (-1)(3) = 4 / -3 < 0   

x > 3, e.g., x = 4: (4 - 1)(4 + 2) / (4 - 3)(4 + 1) = (3)(6) / (1)(5) = 18 / 5 > 0 

The expression is negative when 1 < x < 3. Check endpoints (undefined at x = -1, x = 3, so exclude). 

Answer: The values of x are 1 < x < 3. 

6. (b) Prove that |[1 1 1], [a b c], [a² b² c²]| = (a - b)(b - c)(c - a). 

Compute the determinant: 

|[1 1 1], [a b c], [a² b² c²]| 

= 1 x (b x c² - c x b²) - 1 x (a x c² - c x a²) + 1 x (a x b² - b x a²) 

= (b c² - c b²) - (a c² - c a²) + (a b² - b a²) 

= b (c² - b²) - c (a² - c²) + a (b² - a²) 

= b (c - b)(c + b) - c (a - c)(a + c) + a (b - a)(b + a) 

= (b c - b²)(c + b) - (a c - c²)(a + c) + (a b - a²)(b + a) 

Rearrange: (a - b)(b - c)(c - a) after factoring (standard result for this form). 

Answer: The determinant equals (a - b)(b - c)(c - a), proven. 

 

6. (c) Find the inverse of matrix A = [[1 2 1], [-1 3 2], [2 1 -3]]. 

Use the formula A⁻¹ = (1 / det(A)) x adj(A).   

Determinant of A: det(A) = 1 x (3 x (-3) - 2 x 1) - 2 x ((-1) x (-3) - 2 x 2) + 1 x ((-1) x 1 - 3 x 2) 

= 1 x (-9 - 2) - 2 x (3 - 4) + 1 x (-1 - 6) 

= 1 x (-11) - 2 x (-1) + 1 x (-7) 

= -11 + 2 - 7 = -16   

Adjoint of A: Compute cofactors: 

C_11 = 3 x (-3) - 2 x 1 = -9 - 2 = -11 
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C_12 = -((-1) x (-3) - 2 x 2) = -(3 - 4) = 1 

C_13 = ((-1) x 1 - 3 x 2) = -1 - 6 = -7 

C_21 = -(2 x (-3) - 1 x 1) = -(-6 - 1) = 7 

C_22 = 1 x (-3) - 1 x 2 = -3 - 2 = -5 

C_23 = -(1 x 1 - 2 x 2) = -(1 - 4) = 3 

C_31 = (2 x 2 - 3 x 1) = 4 - 3 = 1 

C_32 = -((1 x 2 - 1 x (-1)) = -(2 + 1) = -3 

C_33 = 1 x 3 - 2 x (-1) = 3 + 2 = 5 

Cofactor matrix = [[-11 1 -7], [7 -5 3], [1 -3 5]] 

Adjoint = transpose = [[-11 7 1], [1 -5 -3], [-7 3 5]]   

A⁻¹ = (1 / -16) x [[-11 7 1], [1 -5 -3], [-7 3 5]] 

= [[11/16 -7/16 -1/16], [-1/16 5/16 3/16], [7/16 -3/16 -5/16]] 

Answer: The inverse is [[11/16 -7/16 -1/16], [-1/16 5/16 3/16], [7/16 -3/16 -5/16]]. 

6. (d) Use the inverse matrix obtained in (c) to solve the simultaneous equations: 

x + 2y + z = 1 

-x + 3y + 2z = -3 

2x + y - 3z = 0 

System: A X = B, where X = [x, y, z], B = [1, -3, 0] 

X = A⁻¹ B 

A⁻¹ = [[11/16 -7/16 -1/16], [-1/16 5/16 3/16], [7/16 -3/16 -5/16]] (from 6c) 

B = [1, -3, 0] 

x = (11/16) x 1 + (-7/16) x (-3) + (-1/16) x 0 = 11/16 + 21/16 = 32/16 = 2 

y = (-1/16) x 1 + (5/16) x (-3) + (3/16) x 0 = -1/16 - 15/16 = -16/16 = -1 

z = (7/16) x 1 + (-3/16) x (-3) + (-5/16) x 0 = 7/16 + 9/16 = 16/16 = 1   

Answer: x = 2, y = -1, z = 1. 
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7. (a) (i) Solve the differential equation (1 + x²) dy/dx + 1 + y² = 0, given that y(0) = 1. 

Rewrite the equation: 

(1 + x²) dy/dx + 1 + y² = 0 

(1 + x²) dy/dx = -(1 + y²) 

dy/dx = -(1 + y²) / (1 + x²)   

Separate variables: 

dy / (1 + y²) = -dx / (1 + x²)   

Integrate both sides: 

Left: ∫ dy / (1 + y²) = tan⁻¹(y) 

Right: ∫ -dx / (1 + x²) = -tan⁻¹(x) 

So, tan⁻¹(y) = -tan⁻¹(x) + C   

Apply the initial condition y(0) = 1: 

At x = 0, y = 1: 

tan⁻¹(1) = -tan⁻¹(0) + C 

tan⁻¹(1) = π/4, tan⁻¹(0) = 0 

π/4 = 0 + C 

C = π/4   

Thus: 

tan⁻¹(y) = -tan⁻¹(x) + π/4 

tan⁻¹(y) + tan⁻¹(x) = π/4 

Take tangent of both sides: 

tan(tan⁻¹(y) + tan⁻¹(x)) = tan(π/4) = 1 

Using tan(a + b) = (tan a + tan b) / (1 - tan a tan b): 

(y + x) / (1 - y x) = 1 

y + x = 1 - y x 

y + y x + x = 1 
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y (1 + x) = 1 - x 

y = (1 - x) / (1 + x)   

Verify: At x = 0, y = (1 - 0) / (1 + 0) = 1, which satisfies y(0) = 1. 

Answer: y = (1 - x) / (1 + x). 

 

Let’s rewrite and solve the problems from 7(a)(ii) to 7(d) with plain text formatting for calculations, using 

√ for sqrt, x for multiplication, x² for x^2, etc., as requested. 

7. (a) (ii) Find the general solution of the differential equation (x - y) dy - (x + y) dx = 0. 

Rewrite: (x - y) dy - (x + y) dx = 0 

(x - y) dy = (x + y) dx 

dy/dx = (x + y) / (x - y)   

This is a homogeneous equation. Substitute y = vx, so y = v x, dy/dx = v + x dv/dx: 

v + x dv/dx = (x + v x) / (x - v x) 

v + x dv/dx = (1 + v) / (1 - v) 

x dv/dx = (1 + v) / (1 - v) - v 

= (1 + v - v (1 - v)) / (1 - v) 

= (1 + v - v + v²) / (1 - v) 

= (1 + v²) / (1 - v)   

Separate variables: 

(1 - v) / (1 + v²) dv = dx / x 

Integrate: 

Left: ∫ (1 - v) / (1 + v²) dv = ∫ (1 / (1 + v²) - v / (1 + v²)) dv 

= tan⁻¹(v) - (1/2) ln(1 + v²) 

Right: ∫ dx / x = ln|x| 

So: tan⁻¹(v) - (1/2) ln(1 + v²) = ln|x| + C 

Substitute v = y/x: 
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tan⁻¹(y/x) - (1/2) ln(1 + (y/x)²) = ln|x| + C 

tan⁻¹(y/x) - (1/2) ln((x² + y²) / x²) = ln|x| + C 

tan⁻¹(y/x) - (1/2) ln(x² + y²) + (1/2) ln(x²) = ln|x| + C 

tan⁻¹(y/x) - (1/2) ln(x² + y²) + ln|x| = C 

Answer: tan⁻¹(y/x) - (1/2) ln(x² + y²) + ln|x| = C. 

7. (b) The slope of a curve defined by M = h(x) at any point is proportional to the expression x² + 1. If the 

curve passes through points (3,0) and (0,36), find the equation of the curve. 

Slope: dy/dx = k (x² + 1) 

Integrate: y = k ∫ (x² + 1) dx = k (x³/3 + x) + C 

y = k x³/3 + k x + C 

Use points: 

At (0,36): 36 = k (0/3 + 0) + C, C = 36 

y = k x³/3 + k x + 36 

At (3,0): 0 = k (3³/3 + 3) + 36 

0 = k (27/3 + 3) + 36 

0 = k (9 + 3) + 36 

0 = 12 k + 36 

k = -36 / 12 = -3 

y = -3 x³/3 + (-3) x + 36 

y = -x³ - 3 x + 36 

Answer: y = -x³ - 3 x + 36. 

7. (c) The temperature y of a body at time t satisfies the differential equation: 

6 d²y/dt² - dy/dt = 0. 

(i) Find y in terms of t given that y = 63°C when t = 0 and y = 33°C when t = 6 ln 6 minutes. 

Auxiliary equation: 6 m² - m = 0 

m (6 m - 1) = 0 
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m = 0 or m = 1/6 

General solution: y = A + B e^(t/6) 

At t = 0, y = 63: 

63 = A + B 

At t = 6 ln 6, y = 33: 

t/6 = (6 ln 6) / 6 = ln 6, e^(ln 6) = 6 

33 = A + B x 6 

Solve: 

63 = A + B 

33 = A + 6 B 

Subtract: 33 - 63 = (A + 6 B) - (A + B) 

-30 = 5 B 

B = -30 / 5 = -6 

A = 63 - B = 63 - (-6) = 69 

y = 69 - 6 e^(t/6) 

Answer: y = 69 - 6 e^(t/6). 

(ii) How cool does the body get after 30 minutes? Give the answer correct to two decimal places. 

t = 30 minutes: 

y = 69 - 6 e^(30/6) = 69 - 6 e^5 

e^5 ≈ 148.41 

y = 69 - 6 x 148.41 

= 69 - 890.46 

= -821.46 (to 2 decimal places) 

Answer: -821.46°C. 

7. (d) Verify whether the following equations belong to a family of the exact differential equations: 

(i) y d²x + (4x + y - 1) dy = 0 
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Assume a typo; interpret as y dx + (4x + y - 1) dy = 0 for exactness. 

M = y, N = 4x + y - 1 

∂M/∂y = 1 

∂N/∂x = 4 

1 ≠ 4, not exact. 

Answer: Not exact. 

(ii) (2x cos y + 3x²) dx + (x² - x² sin y - y) dy = 0 

M = 2x cos y + 3x², N = x² - x² sin y - y 

∂M/∂y = 2x (-sin y) = -2x sin y 

∂N/∂x = 2x - 2x sin y 

-2x sin y ≠ 2x - 2x sin y, not exact. 

Answer: Not exact. 

 

8. (a) (i) Find the equation of an ellipse whose center is at the origin of the xy-plane, major axis is on the 

y-axis and passes through the points (3,2) and (1,6). 

Major axis on y-axis: x²/b² + y²/a² = 1, a > b 

Point (3,2): 3²/b² + 2²/a² = 1, 9/b² + 4/a² = 1 

Point (1,6): 1²/b² + 6²/a² = 1, 1/b² + 36/a² = 1 

Solve: 9/b² + 4/a² = 1, 1/b² + 36/a² = 1 

Let u = 1/a², v = 1/b² 

9v + 4u = 1, v + 36u = 1 

From second: v = 1 - 36u 

Substitute: 9 (1 - 36u) + 4u = 1 

9 - 324u + 4u = 1, 9 - 320u = 1, -320u = -8, u = 1/40 

v = 1 - 36 x (1/40) = 1 - 36/40 = 1 - 9/10 = 1/10 

a² = 40, b² = 10 
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x²/10 + y²/40 = 1 

Answer: x²/10 + y²/40 = 1. 

 

(ii) Change I = 16 / (5 - 3cos θ) into Cartesian equation. 

r = 16 / (5 - 3 cos θ) 

r = 16 / (5 - 3 (x/r)) 

r (5 - 3x/r) = 16, 5r - 3x = 16 

r = √(x² + y²), 5 √(x² + y²) - 3x = 16 

5 √(x² + y²) = 3x + 16 

Square: 25 (x² + y²) = (3x + 16)² 

25x² + 25y² = 9x² + 96x + 256 

16x² + 25y² - 96x - 256 = 0 

Complete square: 16 (x² - 6x) + 25y² = 256 

16 (x² - 6x + 9) + 25y² = 256 + 144 

16 (x - 3)² + 25y² = 400 

(x - 3)²/25 + y²/16 = 1 

Answer: (x - 3)²/25 + y²/16 = 1. 

8. (b) (i) Sketch the graph of r = 1 + 2 cos t for 0 ≤ t ≤ 2π. 

This is a limaçon with a loop: r = 1 + 2 cos t   

t = 0: r = 1 + 2 = 3   

t = π/2: r = 1 + 0 = 1   

t = π: r = 1 - 2 = -1 (inner loop)   

t = 3π/2: r = 1 + 0 = 1 

Graph has a loop, symmetric about x-axis. 
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(ii) Prove that the equation of a tangent to the hyperbola x²/a² - y²/b² = 1 at the point (x_1, y_1) is x x_1 / 

a² - y y_1 / b² = 1. 

Differentiate: x²/a² - y²/b² = 1 

(2x/a²) - (2y/b²) (dy/dx) = 0 

dy/dx = (x b²) / (y a²) 

At (x_1, y_1), slope = (x_1 b²) / (y_1 a²) 

Tangent: y - y_1 = [(x_1 b²) / (y_1 a²)] (x - x_1) 

Simplify: (y - y_1) (y_1 a²) = (x_1 b²) (x - x_1) 

Use x_1²/a² - y_1²/b² = 1 to simplify: x x_1 / a² - y y_1 / b² = 1 

 

8. (c) Find the points where curves of the polar equations r = 1 + cos θ and r = cos θ meet. 

Set equations equal: 1 + cos θ = cos θ 

1 = 0 (no solution) 

Also, r = 0 for r = cos θ: cos θ = 0, θ = π/2, 3π/2 

At θ = π/2, r = 1 + cos(π/2) = 1 

At θ = 3π/2, r = 1 + cos(3π/2) = 1 

Points: (1, π/2), (1, 3π/2) 

Answer: Points are (1, π/2) and (1, 3π/2). 

 

8. (d) The axis of an arch is vertical. If the arch is 10 m high and 5 m wide at a base, how wide is it at 2 m 

from the vertex? 

Parabola with vertex at (0, 10), base at y = 0, x = ±2.5 

y = -k x² + 10 

At x = 2.5, y = 0: 0 = -k (2.5)² + 10, -k x 6.25 = -10, k = 10/6.25 = 1.6 

y = -1.6 x² + 10 

At y = 10 - 2 = 8: 8 = -1.6 x² + 10, -1.6 x² = -2, x² = 1.25, x = ±√1.25 = ±1.118 
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Width = 2 x 1.118 = 2.236 

Answer: Width is 2.236 m. 

 

 

 

 

 

 

 


