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COORDINATES
GEOMETRY 1

Coordinates geometry is study of representation of

the geometry figure either on two- or three-

dimension planes. It is one of the most important and

exciting ideas of mathematics. It provides a

connection between algebra and geometry through graph of lines and curves.
This enables geometric problems to be solved algebraically and provides
geometric insights into algebra. There are all sorts of ways that we can find the
measurements of lines and angles. We can use rulers to measure lines and
protractors to measure angles. In coordinate geometry, we can use graphs and
coordinates to find measurements and other useful information about
geometrical figures.

Chapter

1.1. Rectangular coordinates
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start with abscissa first and then ordinate, for point A itis A(3,5) to distinguish it
from P(5,3). These two points A and P are two different coordinates or points.

The system of naming coordinates is what referred to as Rectangular or Cartesian
coordinates

Name the coordinate Q and R given in the xy — plane above and also show the
points M(~1,-5) and N(2,-3) on xy — plane.

1.2. The distance between two points on the plane
The distance between two points on a plane is given by

dz\/(xz —X1)2 +(y2 —y1)2

Proof:

Consider the xy — plane given below

B(x2,v>)

Y2o—V1

Alxy,y1)
Xy —Xq

By the Pythagoras theorem, In any right angled c?=a® +b> wherecisa
hypotenuse side, the other sides a and b are adjacent sides.

Therefore, d2 =(X2 —X1)2 +(y2 —y1)2 =d =\/(X2 —X1)2 +(V2 —y1)2
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Example 1
Find the distance between the point A(3, 2) and B(8, 14)

Solution

dz\/(xz —x P+ -1 )

A(3, 2) and B(8, 14)

AB=d=+/(8-3) +(14-2)

AB =+/5% +12°
AB =+/169 = 13 units.

The distance is 13 units

Example 2

The distance between points P(3,4) and Q(5,m) is V20 units. Find the
possible values of m.

Solution

d=(xs =, P+ (v, —y1 P thus d =+/(3—5) +(4—m)?

But given the distance, d = 20

Equity the two distance /(=2)? +(4—m)? =~20

Square both sides to get 4+(4—m)* =20

(4-my =16

Then m=8 or m=0

Example 3

If the distance between the points Q(3a, b) and P(4a, 3b) is 3b, find a:b
Solution

Given Q(3a,b), P(4a,3b) and the distance between them is 3b
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d=(x; —x, P +(y,—y1 P thus 3b=1/(3a—4a) +(b—3b)
Squaring both sides 9b? =g® +4b°

Collecting like terms 5b% =g°

a’ a 2
—2:5 then (—) =5
b b

%: V5 therefore a:b= J5:1

13. Area of a tringle

Let A(xq,y1), B(x3,¥5) and C(x3,y3) be the vertices of a triangle below

y
C(x3,y3)

A(Xl,yl)

B(x2,)

I
: I
|
: g é

X

Area of AABC = Area of DACE + Area of ECBF — Area of ABFD

A:%h(a+b), h=DE=x3-x,, 0=y and b=},

Area of DACE =%(x3 —x1 y1 +y3)
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Area of ECBF =%(x2 —Xg)(yg +y2)
Area of ABFD =%(X2 —xl)(yl +yz)

1
Area of AABC ZE[(Xa —xq Ny1 +y3)+(x2 =x3 My3 +y2)—(x2 =x1 Ny1 +v3 )]

1] XaVq + Xaya — X1V —X1V3 + XoY2 + X5y
AreaofAABCz—{3l 3V3 —X1Y1 —X1Y3 t XoY3 X)) }
2| —X3Y3—X3Yy —Xoy1 —Xa¥o +X1Y1 +X1))

1
=5[X3V1 —X3Yy T XYy —X1Y3 +Xo)3 —Xz)’l]

Z%[Xl(VZ —y3)+X2(y3 —y1)+X3(y1 _VZ)]

* %

:%[xl(y2 —y3)—X2(y1 —y3)+X3(y1 —yz)]

** Above can be expressed as a determinant of 3 by 3 matrix, therefore

xp yp 1

Area of AABC =i§ Xo Yo 1] the absolute signs, , ensure that, the area of
X3 y3 1

the triangle is always positive.

Sfan 1
Therefore, the area of triangle ABC is given by J_rE X, yp 1
X3 y3 1

Using row reduction, the formula cab be simplified

. x; yp 1 ) X1 Y1 1->R
Area of AABC= iEXZ %) 1=i5X2—X1 Yo—W1 O—)Rz—Rl

x3 y3 1 X3—X1 Y3—Y1 O—=>R3—R;
1Xo=X1 Yo—W1

Area of AABC =+~
2IX3=X1 Y3—W1
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Therefore, the area is now reduced to 2 by 2 determinant, which is easy to
evaluate.

1.4. Collinear points
The collinear points are the points, which lies on the same straight line. The points
have the same slope. If the area of the triangle is zero (0) the points A(x1, y1),
B(x2, y2) and C(xs, y3) are said to be collinear points.

Thus, Azi1
2

X)—=X1 Ya—V1
X3—=X1 Ya—N

=0 the points are collinear.

Example 4

Find the area of the triangle with vertices A(2, 3), B( 1, -2) and C(-1, 4).
Solution

Given vertices A(2, 3), B( 1, -2) and C(-1, 4).

1[Xy —X _
By using, area of triangle =+=| > ! Ya=h
2X3—X1 Y3—W1

1l 1-2 —2-3_ 1)1 -5

CT2l-1-2 4-3) 23

1
=J_r§><16=8 , thus the area is 8 square units

Example 5

Find the area of the triangle with vertices P(4,3), Q(8,6) and R(-16,-12).
Solution

1X1 y1 1
Area APQRzJ_rzxz y, 1
X3 y3 1
4 3 1
Area of the triangle =il 8 6 1
-16 -12 1
1| 8-4 6—3
" 2l-16-4 -12-3
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1] 4 3
S 21-20 -15
The area is zero square units.
Geometrical meaning of this is
that, the points lies on the same
straight line  (points are
collinear)

See the figure. Line RPQ is a
straight line, and all points lies
on it, no enclosed area formed,
that is why the area is zero.
Two cases where area of the
tringle is zero.

1. |If the points are collinear

2. If the pointis repeating

i%(—60+60):0

)

EXERCISE 1 COORDINATE 1
1. Find the distance between the following pair of points

(@ A(3,8)and B(7, -1)
(b) A(l, 2) and B(S, -1)
(©) P(9,10)and 02, -2)
(d) M(2a, b) and N(3a, 2b)

2. Find the area of the triangle enclosed by the following coordinates

@ (-2-3), (-7,5) and (3,-5)

® (0,0), (2,0) and (4,5)
(© (2.5), (8.7) and (10,3)
@ (3,5), (6,10) and (0,0)

Find the relation between x and y if the point (x, y) lie on the line

joining the points (2,3) and (5,4).

If the point C(a, b) is on the line AB where A(2, 4) and B(-1,-3)

find the equation connecting @ and b.

If4 (1, -3), B(-2,3) and C (k, 7) are collinear points, what is the value

of k?
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1.5. Angle between two lines

Let L; and L, be two given lines, let 8, and 8, be the angle made by lines L,
and L, with positive x — axis.

¥
Ly

NG )
/

Thus 01 +0:02 then 0:02 _01

Using the natural tangent law, slope =m = tan6
tan = tan(6, — 6, )

tan 4 —tan B

A-B)=————
tan( ) 1+ tan Atan B

_ tan6, —tan0),
1+ tan 02 tan 91

Now tan6; =m; and tan @, = m,

n, —m
tan @ = Hf ———— | for acute and obtuse angle
1+ m,ym

If 6=90° the two lines are perpendicular
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sn90° 1

Therefore, tan90° = =0 (not defined )

cos 90°
my —m
tan90° = —2——1
1+m,m,
I my—my
—=—=——" therefore mym; = -1
0 1+ mymy

For perpendicular lines, m,m; =—1 (the product of the slopes of the
perpendicular lines is negative one)

If 6 =0° the two lines are parallel, therefore

my —m
tan 0° = —2—L
1+mym
0 my, —my
—= therefore m, —m; =0 then m, =m,
I 1+mymy

If two lines are parallel, their slopes are equal.

Example 6

Find the angle between lines x+3y—6=0 and 2x+4y+1=0
Solution

The angle between lines is given by tanf = My — iy
1+m,ym,

x+3y—6=0:y=—%x+2

1
Then, m; = 3

1 1
2x+4y+1=0=>y=——x——
7 7 2 4

1
Then, m, = 3
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tan @ = —0.1429
0 = tan "' (—0.1429)
0=171.9° or 6 =351.9°

Example 7

Two parallel lines 4B and CD pass through the points 4(5,0) and C(-5,0)
respectively. Find the slope of these lines if they meet the line 4x+3y =25 in

points P and Q such that the distance P_Q is 5 units.
Solution

For parallel lines m; = m,, let the slope of the equations AB and CD be m
The equation of the lines y = m(x - X )+ 32

Line AB: y=m (x - 5) at A(S, 0)

Line CD: y =m(x+5) at C(~5,0)

Both these lines intersect with line 4x +3y =25

. 4x+3y =25 4x+3y =25
Solve simultaneously an
y=m(x—5) y=m(x+5)

4x+3y =25
Case 1: Solve
y=m(x-5)
Substituting y = m(x - 5) in 4x+3y=25
4x+3m(x—5)=25= x(3m+4)=25+15m

15m + 25

Therefore, x =
3m+4
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Fory

y= m(xS

m

<
Il

15m+25
3m+4

y=m

(15m+25 15m— 20)

3m+4

Y= 3m+4

15m+2
The coordinate of intersection is P( Sm+25 _Sm )

3m+4 3m+4

{4x +3y=25

Case 2: solve

y= m(x + 5)

Substituting y: 4x +3m(x +5)=25
4x+3m(x+5)=25=x(3m+4)=25-15m

25 -15m
3m+4

25—-15m
y=m ———+5
3m+4

(25—15m+15m+20j
y=m

3m+4

_ 45m
3m+4

25-15m 45m
The point of intersection is (x,y)= s
P () Q( 3m+4 3m+4j
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Then the coordinate of P and Q are P(

Q(2S—15m 45mJ

3m+4 3m+4

15m+25 5Sm
, and
3m+4 3m+4

The distance IY) =5 (given)

Distance formula d = \/ (xl - X2)2 + (Y1 —Y2 )2

25-15m _25+15mY* (45m__ Sm Y _ o
3m+4 3m+4 3m+4 3m+4

2 2
—30m N 40m _ s
3m+4 3m+4

900m> +1600m> = 25(3m+4)

2500m> = 25(9m2 +24m + 16)
2500m> = 225m> +600m + 400

2275m? — 600m — 400 =0
Quadratic formula

_ —b+~b* —4ac

m =
2a

= 600 * /4000000

4550

_4 4
Then m = 7 or m—%_,)

The slopes of these lines is % or %

1.6. Combined line
Let y=mx and y =m,x be any two lines which passes the origin.

These two equations can be combined to get (y —mx )y —m,yx)=0
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2 2 _
Vo —myxy—mxy+mmyx”~ =0

m1m2x2 - (ml +m, )xy+y2 =0

Compare the above equation with

ax2+2hxy+by2=0:>%x2+2};ﬂ+y2:()

2h
ml + m2 = —7
By comparing the two equations,
a
mny = "
m; —my .
tan(d —a) = can be expressed in terms of ¢, b and £ as follows
1+ mym,
Let O—a=p
tan(6 —a) = tan 3 =T
1+ myni,
(rmy —my )2
tan f = ——"—
1+ mym,
2 2
my —2mym, +m
tan § = \/ 1 1My + My
1+ myni,
\/(mlz + m% - 2m1m2)
tan f§ =
1+mm,
2
my+m, )" —4mm
fan § = \/( 1 2) 1M
1+ mym,
m; +m, = _2h
() b

Substitute the corresponding values
a
mm, =—
1M =
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tan f =
B a

)

=T

b
(2#h2—ab)+b (2 hz—abj
(@+b)xb  (a+b)

2Vh? —ab

tan S = ——— only if W —ab>0
a+b

JE2,F - aley)

tan f =

If a+b=0, tan f =0 then S =90°. The two lines are perpendicular.

If h2—ab=0, tan f=0= S =0°. The two lines are parallel

Example 8

Find the equations of the lines with equation 2x* + 5xy —12y? = 0 and find the
angle between these lines.

Solution

Factorize 2x” + Sxy— 12y2 = (2x - 3y)(x + 4)’) =0

2x-3y =0 then y =§x
2
Therefore, m; = 3
1

From x+4y=0, y=—7x

1
Therefore, m, = 2
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B=tan"'(1.1)=47.7°

The angle between the lines are 47.7° and 132.3°

Example 9

Find the value of A for which 6x* —xy+ 4% =0 represents the

(a) Two perpendicular lines

(b) Two parallel lines

(c) Two distinct lines

(d) Two lines inclines at an angle 45°

Solution
(a) Given 6x — xy+ ﬂyz =0 compare with ax? + 2hxy + by2 =0
= g 1 =
Then a=6, h= A and b=41
For two perpendicular lines, a+b=0
6+1=0=>1=-6

Therefore = A =—06 if the two lines are parallel.
(b) For parallel lines h? —ab=0
_V)_6s =
Ji/éiéz_o
1 6A=0=> 1= N
4 24

is L
The 4 is A 4
(c) For two distinct lines, h?—ab>0
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1Y 1
——| —642>20,then A >—
2 24

For two lines to be distinct can be any value of 4 > %

(d) Inclined an angle of 45°

2Vh? —ab

a+b

2
2 [—1) —62
w2

6+ A

6+4=2~—62
4
(6+A) =4G—6,1J

364124+ 4% =1-242
354364+ 4 =0

2 +361+35=0
(A+1)2+35)=0
Therefore, A =—1 and A =-35

tan f =

tan 45° =

1.7. Family lines
These are lines which passes through the common point. From the figure below,

all these lines passes through the point (5, 4). These lines are called family lines.

This concept of family lines helps to simply the process of finding the equation
of the line through the intersection of two or more lines.

Using ayx+b,y+c; + Aayx+byy+c,)=0 where A the constant, and the lines
a;x+by+c; =0 and a,x+b,y+c, =0 are the two lines which intersects (with
the common point)
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-1 4

All the above lines (C, D, E, F, G, H) pass through the point (5, 4), they are all
family lines

Example 10

Find the equation of the line through the point of intersection of lines
x—3y+6=0 and line 3x+y—2 =0 and through the point (4,-2)

Solution

Given the linesx—3y+6 =0 and 3x+ y—2 =0 the required line passes
through the point (4,-2)

Find A: x-3y+6+A(3x+y—-2)=0 at (4,-2)
x=3y+6+A3x+y-2)=0
16 =-81
Substitute 4 =-2
x=3y+6-2(3x+y—-2)=0

The required equation is —5x—5y+10=0

Example 11
20|Coordinate Geometry 1



Find the equation of the line which passes through the point (3, 2) and the point
of the intersection of the lines 2x+3y—1=0 and line 3x-4y—-6=0

Solution

Given the lines 2x+3y—1=0 and 3x—4y—6 =0 the line required pass
through the point of intersection and also through the point (3, 2)

Therefore, 3x—4y -6+ A(2x+3y—1)=0 at (3,2)
3x—4y—6+A2x+3y—1)=0

9-8-6+A(6+6-1)=0

—5+114 =0 then ﬂz%

3x—4y—6+%(2x+3y—1):0

Bx-4y-66+10x+15y-5=0
43x-29y-71=0

The required equation is 43x—29y—-71=0

Example 12

Find the equation of the line through the intersection of lines 3x -2y +14 =0
and x+ y—6=0 parallel to the line 3x—y+5=0.

Solution

Given the line passes the intersection of lines 3x -2y +14 =0 and
x+y—-6=0

3x—2y+14+Ax+y—-6)=0
3x-2y+14+ Ax+Ay—64=0
B+Ax—(2-2)y—-64+14=0

(2-A)y=B+A)x—-61+14
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3+41)  64-14
y= X =
2-24 2-4

For parallel lines, m; =m,

The line is parallel to 3x—y+5=0
3x—y+5=0
y=3x+5

+A

Il
w

m, =3, therefore

3+44=6-34

3

4L1=3 1=~
4

Substituting in 3x -2y +14 + A(x+y—6)=0
3
3x—@H44+Z@+y—®:o

12x-8y+56+3x+3y—18=0
15x-5y+38=0
The equation of the line required is 15x -5y +38 =0

Example 13

Find the perpendicular distance between two parallel straight lines 2x+y =4
and 2x+y+2=0

Solution

To find the distance between two parallel lines we should first find any line which
is perpendicular to the lines given.

The slope of line 2x + y =4 is -2, the slope of the perpendicular line is 12 , let

the new perpendicular line pass through point (2, 0) (the assumption
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y
2x+y+2=0
*, 4F2x+y=4
5, !
Y A
'\\ 1 ‘\\
-\1\ 2 "'x\ . T
., , _.,-"'”-- X
1 1 N My 1
I T T . — T
-
4 2 T 2N 4
AT h,
Ty H i
T [ M,
—~ K kY
— h M,
- h, s
— -4+ \;\ \'-.I

won’t affect the answer, any other coordinates can be assumed provided it lies on
one the parallel lines)

Then, find the perpendicular distance between the point and the other parallel line

. by+c
given. From d = aroyre
Va? +b?
2x, +y, +2| [22)+0+2] 6
d=| 1 1 = -
‘ SRR ‘ | 5 | \/gumts

1.8. Perpendicular distance of a point to a line

ax; +by, +c

va? +b?

The perpendicular distance of a point to a line is given by d =

Proof: Consider the xy — plane below
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P(be/l)

ax+by+c=0

O(x,y)

X X1

By Pythagoras theorem, d 2=a% +b° here d =PQ
a=X—X=>Xx=Xx—a
b=y -y=>y=y-b
ax+by+c=0
Substituting values of x and y
a(x; —a)+b(y, =b)+c=0
axl—a2+by1—b2+c=0
ax, + by, +c=a* +b* therefore d* = ax, + by, +¢
But d* =a’ +b*

_ax;+by +c _ax;+by +c

d \/a2+b2

d
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ax, +by, +c

Va® +b?

Hence, d= given that a* +b% =0

Example 14

Find the perpendicular distance of point Q(l, 3) from the line 2x+y+4=0
Solution
Given line 2x+y+4=0 and the point O(1,3)

ax; +by, +c
Va? +b?

2(1)+3+4
V22412

d=

J5 05

. . 945 :
The distance 1Is —— units

Example 15

Show that the perpendicular distance of point B(3,-2) to the line 3x +4y =0

Solution
Given point B(3,-2) and line 3x+4y =0

3x+4y
V3% 4+ 42
3(3)+4(-2)

The distance is % units.

d=

d= =d=—

5

EXERCISE 2 COORDINATE 1
1. Find the perpendicular distance of the point C(6,0) from the following

lines
(a) 4-3x+4y=0 (b) x+y=2
(¢) x+3y—-1=0 (d) 5x-4=0

() ax+by=9




Find the perpendicular distance from the point given to the particular
gf(zsxzx—4+y=o

(b) (-1,3), 7x-12y+10=0

(¢) (-10,-2), 2x+11=0

Determine the angles between lines

(@) 2x? +3xy+1% =0

(b) 3x? +10xy+3y> =0

(¢) x*+2xy-3y2=0

(d) 4x*—1y*=0

Find the value of n if nx* + 2xy + y2 =0 represent

(a) Two identical lines
(b) Two perpendicular lines
(¢c) Two lines inclined at 60°

Find the condition(s) that the equation p)c2 +gxy+ ry2 =0 represent

(a) Two identical lines
(b) Two perpendicular lines
(c) If 2p =2r =q what does the equation represent?

Show that, if f is the acute angle between the lines that form the

Wh* —2a

line pair ax? +2hxy+2y* =0 then tan § = =~ Deduce the
a+

condition that the lines shall be (a) Perpendicular lines (b)
Coincident lines.

Find the angle between the lines y = J3x+2 and 43 y=x-4

1.9. Equation of the perpendicular bisector
Equation of the perpendicular bisector of the angle between two lines can

be found by using the formula

ax+byte _ ax+byte
Jai' +bf Va3 +63

Consider the figure below

P alxl +b1y1 +Cl = O
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azxz + b2y2 + C2 = O

The equation required is the equation of the line /,,, by using the

perpendicular distance formula

Remember also line PR is the perpendicular bisector of the angle
betWCen llneS alxl +b1y1 +C1 = 0 al’ld azxz +b2y2 + Cz = 0

ax+by+c
Va® +b*

Form the line a;x; + by, +¢; =0 to point O(x, y)

d=

ax+by+¢
\/a12+b12

From the line a,x, +b,y, + ¢, =0 to the point O(x, y)

d1:

dy = ax+byy+c,
ﬁa% + b22
The equation of the perpendicular bisector is given by
axt+by e ax+by+o
\/alz + b12 \/azz + b22

Example 16

27|Coordinate Geometry 1



Find the equation of the perpendicular bisector of the angles of the lines
3x—4y+2=0and 7x+12y—-13=0

Solution

Given lines 3x—4y+2=0 and 7x+12y—-13=0

3x—4y+2 _+7x+12y—13
V32 442 V72 1122

%(3x—4y+2)=i%(7x+12y—13)

Case 1: 13(3x—4y +2)=5(7x+12y —13)
39x—-52y+26=35x+60y—65
4x—112y+91=0

Case 2: 13(3x—4y +2)=-5(7x+12y -13)
39x—52y+26=-35x—60y +65
T4x+8y—-39=0

The possible equations are 4x—112y+91=0 and 74x+8y—-39=0

1.10. Division of the line segment (ratio theorem)
A point in any required ratio can divide the line segment internally or
externally. In any case, if given the ratio we can find the coordinate of the
point that divide the line into the given ratio.

1.11. Internal division of the line
Suppose the point Q(x,y) divides line segment joining point points
A(x;,v,) and B(x,,y,) internally in the ratio m, : m,

Consider the figure below
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my
Olx,y)
Xy —X
my
y=»n
A(xl V1 ) C
X=X
X1 X
From two triangle ACQ and QDB
Similarity theorem — = 9 = g
oD DB OB
Then rTh _YTh M
Xp=X )y My
Casel: XM

Xy —X My

mz(X—x1): m1(xz _X)

m2x - mle = mIX2 - mlx
Collecting like terms and solve for x

m2x + mlx = m1X2 + mle

(m2 + ml )x = mle + mle

B(xzah)

Yo=Y

X2
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myxX, +msyX,
X=—

m1+m2
Yohn _mMm
Yoy

m(vy = y)=my(y-y)
my,—my=myy—myy
(m2 +m )y =myy;+my,

_my; tmy
my + my

. mixX, +m->x;, m +m
Therefore the coordinate Q(x,y)=| ——2—2"1, 1Y2 T o )y
nmy + my my + my

When my =m, then Q divide the line in two equal parts

_ Xy Fmyx myy, +my Yy,
Olx.y)= my+my,  my+m, j

_ | Xy tmyx myy, +m )y,
Olx.y)= my+m | omy+m j

_ ml(xz +x1) ml(y2 +y1)
Q(x,y) B 2my ’ 2my

Mid — point formula Q(x,y)= (xZ X ’ Y2t N ) '

2 2
Example 17

Find the coordinates of the point, which divides the line segment joining
point, 4(3,4)and B(~4,7) in the ratio 3:2 internally.

Solution
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O(x,y)= mx, tmyXy myy; v nyy,
my + my my + my

GiVel'l ml :3 and m2 = 2
(1) =3, )and (xz)’z) ( 4, 7)

3(- )+ 2(4))

3+2 342

o)
(A

Olxy)= (—g ?9)

2
The coordinate required is (—g ;J

Example 18

Find the coordinate of the point that divides the line segment with
endpoints 4(3,8) and B(3,2) into ratio 2:1 internally.

Solution

. o . MXy +MyX| MYy +M
The internal division formula is Q(x,y)z 172 271 B 27|
my +m, my +m,

Q is he required coordinate. Given n; =2 and m, =1
(x1.71)= (3. 8) and (xp.,)= (3, 2)

Q<x,y)=[2(3>+1<3> 2(z)+1(s>j

241 7 2+1

Olxy)=(, 4)

The coordinate is (3, 4)
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Example 19

Find the ratio in which the point DL3, gJ divides the line segment with
endpoints B(Z, 3) and C (5, 2) internally.

Solution

oL mX, +myx; myy, +m
Internal division Q(x,y)z 172 21 1Y2 21
ny + ny, my +m2

(3, §J =(m1(5)+m2 (2) m1(2)+m2(3)j

3 my+my, | my+m,
Compare
Smy +2m
Then 3= 12
my +m,

3my +3m, =5m; +2m,

2my =m, therefore ™)

my

my:my =2:1

Question: Show that the point L3%, ng divides the line segment

with end-points (7,3) and (~8,-5) in the ratio 3:10 .
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1.12. External division of the line

O(x.y)
= Y=y
B(xzaJ’z)
-1, EV-)
m,
A(xlayl) X=X b

Triangle ADQ and triangle BEQ are similar
By similarity theorem,
4D _DQ _ 4Q
BE EQ BQ

X—5 _ VY- _m

X=Xy Y=Y, m

X—Xx m
Case 1: Radiiad S &
X—Xy My

my(x=x;)=my(x—x)
ml.x - mle = m2x - mle
mlx - mzx = mle - mle

x(ml —my ) =MmpXy —myxy
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my —my
Case 2: m:ﬂ
Y=Y my

m(y=y2)=my(y =)

my=my, =myy—my,
my=myy =my, —my,
y(my =my) = myyy —myy,

_my; —myn
my —my

y

The coordinate is Q(x’y) = (m1x2 —myX ’ m;y, —myy; j

m —m; ny —m;
Example 20

Find the coordinate of the points dividing the line joining the point
(7,—5) and (— 2, 7) externally in the ratio 3:2.

Solution
mX, —MmyXxy myy, —nmp),
Q(x,y) = ( , ]
my —my my —my

(x1,21)=(7.-2) and (x,,3,)=(-2.7)

m1=3 and m2:2

Q(x,y>=(3<— 2)-2(7) 3<7>—z<—s>j

3-2 ' 3-2

Olxy)=(-20, 31)

Example 21
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Determine the ratio which make point C (10, 9) to be an external divider
of the line segment joining points A(-2,1) and B(4,5).

Solution

mX, —MmyXxy My, —mj),
O(x,y)= , J
my —my my —my

(10, 9)= m1<4)—mz<—2),ml(s)—mz(l))

my —my my —my

(10’ 9): 4m1+2m2’5m1—m2j
my—my My —mp

4m1+2m2 -10

my —my

10m1 —10m2 = 4m1 +2m2

m
—L =2 hence m; :m, =2:1
m;

EXERCISE 3 — COORDINATE 1
1. Find the coordinate of the point which divides the line joining the

points (10, 4) and (3,—3) internally into ratio 2:5 and externally into
ratio 3:7.

2. Find the coordinate of the point which divides the line segment joining
points (—2,—4) and (~6,3) into ratio internally and 5:3 externally.

3. Derive the internal division formula, and from it deduce the mid-point
formula

4. Find the mid-point of the line segment with the end points P(2,4) and
R(-10,-22)
. . o . . (56
5. If the mid-point of the line joining points (a,b) and (3, 6) 1s s

find the value of a and b.
6. Find the equation of the line passing through the point (3, 1) and the
point of intersection of lines x+3y—-5=0 and 2x+5y-9=0




7. Find the value of A if 2x-y+3- ﬂ(x +3y- 4) =0 is parallel to
x—6y+12=0

8. Find the equation of the line through the point of intersection of the
lines 3x+y—7=0 and 4x—-3y—5=0 and perpendicular with line

x+3y+4=0

1.13. Locus equation

Locus is a curve or other figure formed by all the points satisfying a
particular equation of the relation between coordinate, or by a point, line
or surface moving according to mathematically defined condition.

Example 22

Find the equation of the locus of a point R which moves so that it is
equidistant from two fixed points X and ¥ whose coordinates are (2,5)

and (~1,3)
Solution

Let the point be (x,y), this point is equidistant from the points (2, 5) and
(~1,3). This means the distance from (x, y) to (2,5) is equal to the
distance from (x, y) to the point (— 1, 3)

First distance: d12 = (x - 2)2 + (y - 5)2
df =x* —4x+y* —10y+29
Second distance d 22 = (x + 1)2 + (y —3)2
d22 =x? +2x+y2 -6y+10
. 2 2
For equidistant d| =d;

X242 —4x=10y+29=x> +y* +2x—6y+10

6x+4y—-19=0
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The required equation is 6x+4y—-19=0

EXERCISE 4 — COORDINATE 1

1. Find the locus of the locus of point P, whose distance from points
A(— 1, 2) is twice its distance from the origin.

2. Find the locus of the point Q which moves so that it is perpendicular
distance from lines x ++/3 y—7=0 is always 7 units

3. Find the locus of the point P which moves so that its distance from
point B(S,—3) is always thrice the distance from C (1,—1).

4. Find the locus of the point which moves so that its distance from the
point D(0,-3) is equidistant from the line 3y +2=0

1.14. Circle
The circle is a locus, which moves so that it is distance from a fixed point
(center), is always constant (radius).

Below is the circle with center at the origin and the radius of 5 units.
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y

P(x,y)
r
0 ) "
-u—'/
12 ppl 2 2 2
By Pythagoras theorem, OD +DP =r" = x" +y" =r

2

This is a standard equation of the circle, with center 0(0,0) and radius r.

Properties of equation the circle

I. The coefficients of the terms with x> and yz are equal
2. There is no term with the product of x and y
3. Always is a polynomial of degree 2

1.15. Transformed or general equation of the circle

If the center of the circle is not at the origin, then the equation of the circle
is said to be a transformed equation of the circle or the general equation of
the circle. Let assume the center to be C(h,k) and the radius be r.
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By Pythagoras theorem, C_E2 + P_E2 =r?
(e—h) +(y—k) =r?
X2 =2hx+h? +y? =2ky+k* =r*
X2 +y* —2ax—2by+a* +b* —r* =0

Let h=-g and k=—f

c=h*+i>-r*
x2+y2—2hx—2ky+hz+kz—r2 =0
x2+y2+2gx+2fy+c=O

This is the equation of the circle with center (— g—f ) and radius,
r=+g?+fr-c

Furthermore, we can write the equation as ax’ + by2 +2gx+2fy+c=0
provided that a =b#0

Example 23

Find the coordinate of the center and radius of the circle with equation

(a) x° +y2 +5x-3y+2=0
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(b) 3x>+3)y? +7x—9y—4=0
(©) 2x*+2y* +10x-5=0

(d) x*+y°

-2x+4y+1=0

Solution

(a)

(b)

X2 +y2 +5x—-3y+2=0 Compare with

x? +y2 +2gx+2fy+c=0

_ 1326
2 2
The center is (—%, %] and radius is » = @ units

3x2 432 +7x-9y-4=0
Complete the square one side method
3x2+3y2 +7x-9y—-4=0

Divide by 3 throughout
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SRR
SRGRt

The center of the circle is C(— z, Ej

6 2
The radius is » = /% units

(©) 2x*+2y* +10x-5=0
By completing the square method
2x% +2y% +10x=5=0
Dividing by 2 throughout

x2+y2+5x—%=0

The center is C [— %, OJ and the radius is » = g units

(d) x*+y?=2x+4y+1=0
Completing the square
x° +y2 —-2x+4y+1=0
(x=1) +(y+2)* =4
(x=1+(y+2) =22
The center is C(l,—2) and the radius is » =2
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EXERCISE 5 — COORDINATE 1
1. Find the coordinate of the center and the radius of the following
equation of circles

(a) x2+y2+5x—6y—5—0
(b) x*+y?—4x-10y+13=0
(c) x2+y2+2x—6y+6:0
(d) 4x?+4y> +16x—4y-19=0
() 3x*+3y* —8x-7=0

() 5x2+5y> —8x—10y+15=0
2. Which among the equations given below are not equation of the
circles, and for those circles find the center and the radius.

() x*—y>+13x+6y+2=0

(b) x*+2y2 +3x+4y=0

(©) 10x*> +10y* —11x+12y-100=0
(d) 3x* +4y+3x-5=0

(e) x2+y2+3xy—8y+4=O

) 2x?+2y?-15=0

1.16. Equation of the circle given three points on the circle
So far we learned circle equation properties and able to determine the
center and radius of the given circle equation. Here we will discuss how
to find the equation of the circle if you are provided with at least 3 points
that lies on the circle.
Note that at any point the equation of the circle is given by
(x—a)2 +(y—b)2 =2 where a and b are the center coordinate and r is
the radius of the circle.
If A(xl, yl), B (xz,y2) and C (x3 , y3) are the points given that lies of the
circle then
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(o —a) +(n =0) =17

the equations < (x, —a)2 +(y, —b > =% can be satisfied by all three

points.

Example 24

Find the equation of the circle which passes through the points A(3, 1) ,
B(2,6) and C(3,2)

Solution
Let use the equation X2+ y2 +2gx+2fy+c=0
At A(3,1) therefore 6g+2f +c=-10 (1)
At B(2,6) therefore 8g +12 f +c¢ =—40 (i1)
At C(3,2) therefore 6g+4f +c=—-13 (iii)

6g+2f+c=-10
Solve simultaneously {8g +12 f + ¢ =—40
6g+4f+c=-13

Use a calculator or otherwise, g = —1?5 , = —% and ¢ =38

Therefore the equation of the circle is x>+ y2 +2gx+2fy+c=0

substitute the above values to get X+ y2 —15x-3y+38=0

EXERCISE 6 COORDINATE 1

1. Find the equation of the circle passing through the following
points (0,0), (3,1) and (3,9)

2. Find the equation of the diameter of the circle
x? +y2 —11x—7y+30=0 which when produced pass through
the point (8,-2)

3. Find the equation of the circle whose center lies on the line
3x—y—T7=0 and passes through the points (1, 1) and (2,—1)
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4. If Ois origin and P, Q are the intersections of the circle
x° +y2 +4x+2y—20=0 and the straight line x—7y+20=0,

then show that lines OP and OQ are perpendicular, and find the
equation of the circle through point Q, P and O.

1.17. Equation of a tangent and normal to a circle

1.17.1.  Tangent equation
A tangent is the line that touches circle at only one point. The slope of
this line at a point of contact with the circle is equals to the slope of the
circle at the same point.

Suppose the equation of the circle is x>+ y2 +2gx+2fy+c=0 then the

slope of the circle at any point is the slope of the tangent at that point. To
get the slope we differentiate the circle equation.

Derivative 2x+2yﬂ+2g+2fﬂzo
dx dx

Slope ﬂ=rn=—x+g
dx v+ f
. dy x+g
The slope of the tangent is — =m = —
dx v+ f

Example 25

Find the equation of the tangent to the circle x>+ y2 —50=0 atthe
point (— 7, 1)

Solution
Given x>+ y2 -50=0
Gradient 2x+2 yﬂ =0
dx
dy  x
dx y
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At the point (x,y) = (— 7, 1)

The slope is m = —[— %J =7

y =m(x—x )+ when (x;,)=(-7,1)
y=7(x+7)+1
Tx—y+50=0

The equation of the tangent is 7x—y+50 =0

Example 26

Find the equation of the tangent to the circle
4x% + 4y2 —Xx+5y—23=0 at the point (2,1)

Solution

Given circle 4x? +4y2 —x+5y-23=0

Slope 8x+8yﬂ—l+5ﬂ=0
dx dx
dy 1-8x
dx 5+8y

Loy 1216 15
dx  5+8 13

y=m(x_x1)+J’1

The tangent equation is 15x+13y-43 =0
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1.17.2.  Normal equation
Tangent and the Normal are perpendicular, therefore if m, is the slope

of the tangent, then the slope of the normal is m, = L .
m
O
Normal
A Tangent B

T
Line 4B is a tangent to the circle, line OT is a normal to the circle, and T
is a point of contact.

Example 27
Find the equations of the tangent and normal to the circle
x? +y? —8x—2y =0 at the point (3,5)
Solution
From the circle x* + y2 -8x—-2y=0

The slope of the tangent is 2x + 2yﬂ -8— 2ﬂ =0
dx dx

(2y—2)ﬂz8—2x
dx

The slope of tangent b = 8-2x
dx 2y-2

Q_ 8—2x

22 at (3,5)
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The slope of the tangent m; = ? = i(_S)z (32) = %
x —

The equation of the tangent y = m(x—x; )+ y; at (3,5)

y=i(x—3)+5

x—4y+17=0

The slope of the normal: m, = L therefore m, = —4
m

L 1
The equation is given by y = —— (x - X )+ b2
my

y=—4(x—3)+5 thus 4x—y—17 =0

EXERCISE 7 COORDINATE 1
1. Find the equation of the tangent and the normal to the circle
X2 +y? =26x+12y+105=0 at the point (7,2)
2. Find the equation of the tangent and the normal to the circle
X2+ y? +4x+5y-20=0 at a point (~2,3)
3. Find the condition for which y = mx touches the circle

x2 +y2 +2gx+2fy+c=0
4. Show that 8x—11y —46 =0 is the tangent to the circle

through the point of contact.

5. A circle touches the x — axis and cut off a constant length 2a
from y — axis. Show that the equation to the locus is the curve
¥+ 2 =a?

6. Show that a general tangent to the circle x* +y? =a? may be

written as y = mx + av1+m>

X2+ y2 +2x—7y—33=0 and find the equation of the diameter
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1.18. Intersection of circle
1. When two circles touch the other circle internally

A

The distance between two
centers is C;C, =R —r

2. When two circle touch each other externally

.C,

The distance between the two centers is C;C, =R +r
Remember, the centers are the coordinates, therefore the distance
. 2 2

s C,C, = \/(xz —x ) +(y, = )* when C(x;, ) and

G, (x2 »V2 )
3. When intersect at two points
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Example 28

Show that the line 2x+2y —3 =0 touches the circle
4x? +4y% +8x+4y-13=0

Solution
From 2x+2y-3=0
3-2x
)} =

2
Substituting

4x? +4y? +8x+4y—13=0
2
457 +4(%) +8x+4(3_22xj—13 =0

8x> —8x+2=0
If it touches a circle, it means it is a tangent to the circle, the condition

b* =4ac is satisfied.
b* =4ac then (—8)2 =4x8x2

Example 29

Show that if y =mx touches the circle X2+ y2 +2gx+2fy+c=0 then
c(l+m2)=(g+mf)2

Solution
Given x2+y2+2gx+2fy+c=0 and y=mx
x? +(mx)2 +2gx+2f(mx)+c=0

x> +m?x? +2gx+2fmx+c=0
(1+m2)x2 +(2g+2fm)x+c:0

Condition b° = 4ac

(2g +2fm)’ :4(l+m2)f
4(g+fm)2 :4(1+m2>

(g+fm)2 =(1+m2)c
Hence shown
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1.19. The circle through the points of intersection of other given circles
(Family circle)

The equation of the circle through the point of intersection is given by

C, +AC, =0 where C, and C, are the equations of circles.

Example 30

Find the equation of the circle through the point (2, - 1) and through the
point of intersection of circles x>+ y2 —2x—4y—-4=0 and

X2 +y? +8x—4y+6=0

Solution

C,+1C, =0

X2 +y? —2x—4y—4+/1(x2 +y? +8x—4y+6) at (2,-1)

1+4(29)=0 = A=-L
29

x? +y2 —2x—4y—4—%(x2 +y2 +8x—4y+6)=0
29x% +29y% —58x—116y—116—x> — y* —8x+4y—6=0
14x% +14y% =33y -56y—61=0

The equation required is 14x% + l4y2 -33y-56y—-61=0

1.20. Length of the tangent from the external point of the circle

The distance is given by d = \/xlz + i+ 2gx + 2/ +c

Proof:
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O(-g.-f)

A(x, y) B(xlayl)

By Pythagoras theorem ZBZ +A_O2 = 0_32
But A0 =r

0B’ =(x+g) +(n+ /)

OB" =x? +2gu +g% +y? +2fn + f

P2 =40 —g’+fr-c

4B’ =0B" - 40°

AB® =i +2gq + g7 4y 12 fin+ gt - e
Ez =x12+y12+2gx1+2fy1+c

d =A_B=\/x12 +yf 420 +2 1y +c
Proved.

Example 31

Find the length of the tangent from the point (3, 2) to the circle
x2 +y2 +3x-5y-2=0

Solution

The length is d = \/xl2 +y12 +3x, =5y, -2 at (3, 2)

d =GP +27+3(3)-50)-2

d =10 units

1. If d =0the point is on the circle
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2. If d = \/negative the point is inside the circle.
3. If d >r the point is outside the circle.

Example 32

Find the distance from the circle 2x* + 2y2 —3x+5y—-84=0 to the
point

(@) (3,5) (b) (2.-2)

Solution

(a) d =\/2x12 +2y7 —3x, +5y, —84at (3,5)

d =20) +2(5) ~3(3)+5(5)—84

d=+84—-84 then d =0

The distance is zero; therefore, the point is on the circle.

(b) d =+/257 +2y7 —3x, +5y, —84 at (2,-2)
d =220 +2(-2) -3(2)+5(-2)-84

d=-84

The distance is complex; therefore, the point is inside the circle.

1.21. Orthogonal circles

These are the circles whose tangents forms the right angle at their point
of contact.

ZACB =90°
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Where 4 and B are centers of the circles. By Pythagoras theorem,
AC* +BC’ = 4B’

Let the equation of the circle with center 4 be

x>+ y2 +2gx+2fy+c =0 and that of center B be

x° +y2 +2g,x+2f,y+c, =0therefore, A(— g,—f) and B(— gl,—fl)
AB” =(g-g P +(/ - /)

AB” =g ~2gg + P + f1 -2/ + S

Ac’ —g?+fr-c

BC’ = g +fi-¢

AB° =AC" +BC’

g 2gq g+ 2Uh =g S gl + P —a
-2gg-2ffi +c+c; =0

The condition for orthogonal circle is 2gg; +2ff; =c+¢;

Example 33

Show that the circles x° + y2 —-6y+8=0 and
X2 +y? —4x+2y-14=0
Solution
The distance from the centers of the two circles is equal to the sum of the
square of radii.
From the circle: x* +y2 -6y+8=0
x> +(y-3)+8-9=0
X2+ (y - 3)2 =1
Radius of first circle is 74 =1 and the center is C) (0,3)

From the circle: x° +y2 —4x+2y—-14=0

(x—2)" +(y+1-19=0
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(x—2) +(y+11 =19
The radius of the second circle is 7, = J19

It is center is C,(2,~1)

C,C, =20
242 =i + (Vo]
rlz + r22 =20

JE—) .
Therefore, C|\C, = r12 + rzz the circles are orthogonal.

1.22. Equation of circle given the ending points of the diameter
Consider the figure below

C(x,y)
A 0 B(x,,y,)
ZACB =90°

Line AB is a diameter of the circle with the end points A(xl,yl) and

B (x2 %) ) Assume any point C (X, y) on the circumference. Angle ACB

is the right angle, therefore lines AC and line BC are perpendicular to each
other.

Slope of BC m; = 227 and the slope of AC m, = M=)
Xy =X X —Xx
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Then, mym, = -1

Vo=V Ny -1
Xy —X X —X

(v =)oy =)+ (2 =y )1 =) =0
This is the equation of the circle given the end points of the diameter.

Example 34

Find the equation of the circle with the endpoints of the diameter
A(-6,3) and B(-3,—4)

Solution

Equation of the circle given endpoints of the diameter is given by

(v =x)xy =x)+ (3 =y ) =) =0
Therefore, (x+3)x+6)+(y+4)y-3)=0

x2 +y2+9x+y+6:0

1.23. Common chord and Radical axis of circles (Power line)
The radical axis of the two circle is the locus of a point, which moves so
that the length of the tangent drawn form it to the two circles are equal.
The radical axis is perpendicular to the radii of the circles (the line joining
the centres of the circles). When circles are tangents to each other the
radical axis become the common tangent.

Common tangent
When circle intersect
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Common chord

To get the radical axis find the difference between the circle equations
2, .2
+y +2gx+2fiy+c; =0
Assume the two circles 4 > gIx+2fiy+e
x2 +y2 +2g,x+2f,y+cy, =0

2 2

xX“+y +2gx+2 +c, =0
Then the radical axis is given by — Y &1 Ny+e

x2+y2+2g2x+2f2y+02:0

2x(gy —g5)+20(fi - f>)+ ¢ ¢, =0
This is the equation of the straight line.

Example 35

Find the equation of the radical axis of the following circles
x° +y2 +3x—4y—-12=0 and x° +y2 -2x-5y+7=0
Solution
2, .2
+y +3x—-4y-12=0
Radical axis =— Yy R
x? +y2 -2x-5y+7=0

The equation of radical axis is Sx+y—-19=0
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1.24. Concentric circle

The concentric circles are
circles with the common
center. The figure below
portrait the concept of
family circles. What is
important here is all the
circles will have the same
equation except the value of

€ _ 9

¢” which varies from circle
to circle. The circles

x2+y2+%y+2ﬁH%a=O, x2+y2+2g»+2@+c220 and

x>+ y2 +2gx+2 fy+c3 =0 are family circles.

All these circles has their center at point (4, 6). This kind of circles are
called family circles

1.25. Equations of concentric circle
Consider the following circles

3x2 +3)? +10x—12y+3 =0,
3x2 +3)2 +10x—12y + A =0,
3x2 +3y? +10x—12y+ B =0,
3x2 +3)? +10x—12y+C =0,
3x% +3y? +10x—12y+ D=0

All these circles are centred at L—g, ZJ , but radii are different, only if

32A#B#C#D
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Example 36

Find the equation of the circle which is concentric with the circle
x% +y? +14x-10y -5 =0 whose radius is 243 units.

Solution
x> +y? +14x-10y-5=0
(x+7) —49+(y—5) -25-5=0
(x+7) +(y-5)*-74-5=0
(x+7) +(y-5) =79

The centre of these circle is C(~7,5)

The equation of the other circle is given by
(x+7) +(y-5) = (2\/3)2
X% +14x+49+y* —10y+25=12

x2+y? +14x—10y+62=0

1.26. Triangles properties
1.26.1. Centroid of the triangle
The centroid of the triangle is the point where the median of the triangle
meets, it is sometimes called center of gravity of the triangle. Medians of

the triangle are the lines, which bisect the sides of the triangle and meet at
a point inside a triangle.

Properties of the centroid

1. Itis formed by the concurrency of the median of the triangle
2. Itis located inside the triangle
3. It divided median into ratio 2:1
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Consider the figure below
B (xz ) )

G(x,y)

By using the mid-point formula, we can determine the coordinates of
points D, E and F as follows:-

The coordinate of point D is (_xz ;xl ’_y 2 ;y 1 j

+ +
The coordinate of point E is [x2 5 X3 , V2 > V3 j

+ +
The coordinate of point F is (xl : 3 , 4l 2y3 ]

To get the coordinate of G, use the internal division of the line
formula, remember, AG : GE =2:1 for centroid of the triangle

G(x,y)= mXy +myXy my; +tmyy,
ny + n, my + ny

Where m; =2 and m, =1 between the points A(xl, yl) and
(xz X3 I +J’3j

b

2 2

2(x2+X3j+x1 2()’2 +J/3j+y1
2 2
G(x,y)z

2+1 ’ 2+1

b

G(x,y)z[xl +x32 +X3 W +y32 +y3j
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Therefore, the centroid of the triangle is given by
G(x’y):(xl XX it +y3j

b

3 3

Example 37

Find the centroid of the triangle with the following vertices P(~2, 4),
O(-4, 8) and R(3, 9)
Solution

+x, + +y,+
The centroid is given by G(x, y)=[x1 T TV T j

G(x,y)z(_2+_4+3 4+8+9J

3 3

The centroid of the triangle is (— 1, 7)

EXERCISE 8 — COORDINATE 1
1. Find the centroid of the triangle with the coordinates 4(2,~1),

B(3,2) and C(9,3) at the vertices
2. If a triangle has the centroid of (3,—4) find the missing vertex
coordinate if the other vertices has (1 0, 4) and (1, 7)

3. Given d:w,if x=a, y=b and d:2\/2,showthat
Va? +b?
a’>+b* =c

4. If y=mx +c is the tangent of the circle X2+ y2 =2 , show that

c=ir\/m2 +1

5. Find the point of intersection of circles x? + y? +2x—6y+2=0 and
x* +y2 +8x—-6y+20=0.

6. Find the equation of the circle which endpoints of the diameter
(-1,2) and (~1,5)
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7. Find the circle with radius 3\/§ units and concentric to the circle
9x? +9y? —36x—6y—107=0
8. The circles x* + y* +8x+ay+43=0 and

2x? +2y° +16x—24y+b =0 are concentric, find the values of a
and b, hence find their centre.

1262.  Incentre of the triangle
Incentre of the triangle is a point where three bisectors of the triangle meet.

To get the incentre inscribe the triangle in a circle and center of the circle
will be the incentre of the triangle.
C

A c B

Line PC bisect angle OPR, line CR bisect angle QRP and line QC bisect
angle POR.

The incentre is given by the formula
P(x,y) _ (axl +bxy +cx3 ay; +by, +cy; J

a+b+c = a+b+c

Where a, b, and ¢ are the length of the opposite sides of the vertex.
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Example 38

Find incentre of the triangle whose vertices are 4(-3,0), B(5,0) and

C(-2,4)

Solution 3 (5, O)

A(-3,0)
c=AB=+/(-3-5)* =8
b=AC=+J(=3+22 +(0-4P =17 ~4

a=BC=(5+2) +(0-4) =65 ~8
Incentre C(-2,4)

E8x—3+4x-2+8x5 8x0+4%x4+8x0
P(x,y)z

8+4+8 © 84448

The incentre is P(x, y) = (O, %)
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MISCELLANEOUS EXERCISE — COORDINATE 1
The vertex B of a square ABCD has the coordinate (~1,-3). The

diagonal AC lies along the line 2y =x+5
(a) Show that the coordinates of D are (— 5, 5) and find the

coordinates of 4 and C

(b) Show that the equation of the circle touching all the four points of
the square passes through the origin

(c) Calculate the area of the square which lies in the first quadrant

(d) Find the equation of the circle which is concentric to the circle in
square above and find its radius.

The coordinates A(4,4), B(~4,0) and C(6,0) are the coordinates of

the vertices of a triangle.

(a) Find the coordinate of the point where the internal bisector of the
angle BAC meets the line y=0

(b) Find the equation of the circle inscribing this triangle

(c) Find the equation of the circle which touches line AC at point C
and pass-through point B

(a) Find the equation of the circle which passes through the point

(—4,1) and the center is at the origin.

(a) Line 3x+ y =10 is a tangent to the circle whose center is at the
origin, find the equation of this circle, hence show that the shortest
distance from the center to the line 3x+ y =10 is the radius of the
circle.

(b) Find the equation of the circle with line 3x+ y =10 as a tangent
and the center at (5,7).

(a) Find the equation of the circle which has the line segment (3,-4)

and (-3,4) as the dimeter.
(b) Show that if the radius of the circle x? + y? —6x+4ky+20=0 is

5 units, then k=3 or k=-3 hence find the possible centers of the
circle.
Determine if the following points 4(-3,-2), B(5,~1), C(~2,1) and

D(-2,3) are inside, on or outside the circle
x* +y2 —-2x+8y—-8=0

Find the center and radius of the following circles

(@) x*>+y? —2x+4y—4=0
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10.

11.

(b) 2x%+2y? —2x—6y—13=0

(¢) 9x%2+9y? —6x+54y+46=0

(d) x*+)y?+6x-7=0

(e) x*+y?—-10x+2y+6=0

0 (x=3)x+3)+(y+2)y+6)=0

(@) (x=2)x+4)+(r-1)y-5)=0

Prove that the points 4(—2,—1), B(4,3), C(6,0) and D(O, —4) form
the vertices of a rectangle. The straight line x =3 meets the sides 4B

and DC in P and Q respectively. Calculate the area of the trapezium
PBCQ.

(a) Show that the circle x? + y? —24x+ (l — 2a)2 =0 touches the

parabola y?> =4ax, a>0 at two real points, for all values of A

greater that 2a.
(b) (i) Find the value of A greater than 2a for which the circle
will pass through the focus of the parabola.

(i1) In this case, if 4 is the center of the circle and the parabola,
show that a second circle having center P and radius PA4 will touch
the directrix of the parabola.
A curve has parametric equations: x=¢>+1 and y=¢>, show that
(5,—8) lies on the curve, and find the equation of the tangent at this
point.
(a) The curve y? =12x intersects the line 3y =4x+6 at two points.

Find the distance between the two points and the equation of the circle
which passes through the point of intersections and the end points of
the diameter.

(b) In a circle of center O and radius », OP and OQ are two radii
enclosing a small angle. Tangents to the circle at P and Q intersects at
R. If the length of the arc PQ is x, show that the area enclosed by PR,

OR and an arc PQ is approximately x° / 24r.
(a) An equilateral triangle ABC has sides of length 6 cm. The three

altitudes of the triangle meet at N. Show that AN = 243 em

(b) This triangle is the base of a pyramid whose apex V' lies on the line
through N perpendicular to the plane ABC. Given that VN =2 cm,
show that ZVAN =30°
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12.

13.

(c) The perpendicular from A to the edge V'C meets CV produced at R.
Prove that AR =3+/7 cm and find the value of cos(£ARB)

’

The straight-line / has equation 2y —x+7=0. The straight-line /

passes through the point P(-1,6) and is perpendicular to /.

(a) Find the equation of /’, giving your answer in the form
ax+by+c=0

(b) Find the coordinates of the point of intersection of / and /.

(c) Show that the perpendicular distance from P to / is 445

(d) It is given that the points O(—7,~7) and R(9,1) lie on /. Find the
area of the triangle POR.

The diagram shows a sector OMQ of the circle with center O and

radius 8 cm. An arc of the circle with centre O and radius 6 cm joins

the point N on OM and P on OQ. Angle NOP is 6, where

0°< 6@ <180°, and the area of the shaded region R between the two

arcs is Acm? . Express A in terms of 6 (@ is in degree).

Q

It is given that @ is increasing at a rate of 0.1rad/sec

(a) Find the rate of increase of A with respect to time

(b) Find the rate of increase of the perimeter of the region R with
respect to time

(¢) The Ilength of the straight-line NQ is L cm. Show that

L* =100—-96c0s6
(d) Find the rate of increase of L with respect to time when 6 = %ﬂ'

14. The curve C has polar equation ¥ =1, for 0< 6 <2x
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15.

16.

17.

18.

19.

20.

(a) Use the fact that lim[snjgejzl to show that the line with
6—0

Cartesian equation y =1 is the asymptote to C
(b) Sketch C

(c¢) The point P and Q on C correspond to Hzézr and 0=%7z

respectively
(i) Find the area of the sector OPQ, where O is the origin
12N1+ 67

(ii) Show that the length of the arc PQ is j 1 .
0

gﬂ'

do

Sketch one loop of the curve whose polar equation is » = asin 26 on
the first quadrant, where « is a positive constant. Find the area of the
loop, giving your answer in terms of ¢ and @

Find the coordinates of the point common to the curves y = x*—1 and

v=l -1
Without drawing find the gradients of the two lines through the origin
which makes an angle of 45° with the line y =2x

A square is to be constructed with one vertex at the origin O, and with
one diagonal lying along the line y = 2x . If one of its sides (produced

if necessary) is to pass through the point (3, 5) find, for each of the

two possible squares, the equation of the second diagonal.

The base AB of a triangle ABC is fixed, and K is fixed point on 4B.
The vertex C of the triangle moves so that the perpendicular distances
of K from CA and CB are always equal in length. Prove that, in general,
the locus of C is a circle through K.

A small radio transmitter broadcasts in a 50-mile radius. If you
drive along a straight line from a city 60 miles north of the
transmitter to a second city 70 miles east of the transmitter,
during how much of the drive will you pick up a signal from the
transmitter?
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21. List areas where you think coordinates geometry is used in our
real-life situation.

To get answers of all exercises in this book
click = http://www.jihudumie.com and
navigate to library!
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